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TEOPETUYECKAA U DKCIIEPUMEHTAJIBHAI ®U3UKA

YK 517.95, 519.633.6.6

B.M. @usamoba, B. B. HocuxoBa

YNCIIEHHOE VICCJIEJOBAHME 3ATAYN
VJIbTPASBYKOBOU TOMOIPA®UN

Paboma nocBaujena 3adaue onpedeseHus Masblx hAYKMyayuti ckopochu
36yka 6 xeae3ucmot mkaHu 044 cneyuatbotl modeau epyou (2D). Ucnoav-
3yemblil 100X00 0CHOBAH HA BU3YAAU3AYUU AKYCIUUECKOU Cpeobl, A UMEHHO
Braouenuil u Heusbecmnotl Brympennein epanuybl Mexoy Kupoboi u xese-
3UCMOl MKAHAMY, U onpedeseHuu cxopocmet 36yxa 60 BxatoueHUAX C uc-
noav308anuem kuHemamuxy 604n. Pesyavmamst 4ucienH020 MOOeAUPOBAHUA
3a0auu (2D) npedcmabaenst 8 pabome.

The work is devoted to the problem of determining small sound speed
fluctuations in glandular tissue for specific breast model (2D). Our approach
is based on visualization of acoustical medium (inclusions and unknown in-
ner boundary between fat and glandular tissues) and determination of sound
speeds in inclusions using kinematic argument. The results of numerical sim-
ulation (2D) of the problem are presented in the paper.

KnroueBnie cj10Ba: yIbTpasByKoBas ToMorpaduist, MUTpallys, YrcIeHHOe Mojie-
JIpOBaHwe.

Keywords: ultrasound tomography, migration, numerical modeling.
BBenenne

MenuiMHCcKasl yiIbTpa3ByKoBasi ToMorpadnsi B KOHTeKCTe 3a/adil paH-
Hero oOHapyXeHWMs paka I'PynM VMeeT OOJIbIle IIepCleKTVBBI Ha (PoHe
VIMEIOIIVIXCS MeTOHOB MeOVIIMHCKOTO VICCIIeNOBaHMs, TaKMX KaK MaMMO-
rpadmus, Y3V, MarHUTHO-pe30HaHCHas 1 KOMITbIOTepHasl ToMorpadus. DTu
IIePCIIEKTUBEL OOYCIIOBJIEHBI TEM, YTO YJIbTPa3sByKOBasl MEIMUIIVIHCKASL TOMO-
rpadust MeeT psij IPeVMYIIecTB Iepef] MMeIOIIVIMICA MeTOAaMM VCCIIeo-
BaHMsS — HaIlpyIMep, OTCYTCTBVE PEHTI€HOBCKOIO WM3JIyUeHMs VI KOMIIpec-
cun. HecmoTpsi Ha pasHooOpasie MeTO/IOB MCCiIefJOBaHNsl, paHHee BhIgBIIe-
HVie HOBOOOpa30BaHMII OCIIOXKHSETCS IUIOTHBIM (DOHOM W CJIOXKHOVI CTPYK-
TYPOVI TKaHeV MOJIOYHOV XKeJIe3bl.

Borpiyro 3HAaYMMOCTB IS JaHHOTO HaIlpaBJIeHVs VCCiIel0BaHs Ipefl-
CTaB/ISII0T PabOTHI aMepUMKAHCKMX YUeHBIX mop pykosopctsoM H. [Ipropmx
[4], xoTOpPBIE OIMCHIBAIOT BCE aCIIEKTHI — OT MEIMIIMHCKMX ITOIPpOOHOCTEN 10
aJITOPUTMOB ¥ TEXHWYECKVX 0COOeHHOCTel! pa3pabOTaHHOTO JaHHOVI IPYIIIION
nporoTya. Taxke BefieTcs paspaboTKa TOMOrpaddecKyx YCTaHOBOK VI MeTO-
0B 00paboTKM JaHHBIX Hay4IHBIMU Ipymmamu 13 I'epmarvm H. Pyurep [5]
u Poccun (O.[. Pymssanesa [6], A.B. I'oggapckuit [7]). Hayunas rpymma,

© dwiarosa B.M., Hocukosa B.B., 2020
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ﬁ Teopemuuecka i IKCnepuMeHmalvian usuxa
)
S

B COCTaB KOTOPOVL BXOMSAT aBTOPBI CTAaThV, 3aHMMAETCSI MaTeMaTUIeCKIM MO-
IeJVpoBaHVIeM 3afjad yJIBTPa3BYKOBOV TOMOIrpaduy, deMy IIOCBSIIEH Psi
craten [2; 3; 8].

B HacrosiieM mccienoBaHMM paccMaTpPMBAETCS MOJEb aKyCTUIECKOV
Cpensl, SMUTUPYIOLIAS Cpe3 MOJIOYHO Xee3bl (puc. 1). B Momeym mpucyT-
CTBYeT CJIOKHAS BHYTpPeHHSIS IPpaHNIIa, pasfeloasi XIUpPOoBYIO 1 JKeJle3u-
CTyI0 TKaHW. VI3BecTHO, 4TO 0OpasoBaHNs, JIOKaIM30BaHHEIE B JKEJI€3VICTOM
TKaHM, SIBJISIFOTCST CAMBIM CJIOXKHBIMU JJTS IMATHOCTMKY, TaK KaK MMEIOT CKO-
POCTh 3BYKa, OJIM3KYIO K CKOPOCTM 3BYKa B JKeJIe3MCTOV TKaHW. B Mopers
ObUIM HIOMEIIeHB! II9Th BKIIOYeHMIT pasHoro Tura u GopMsl, J1Ba 13 KOTO-
PBIX MMEIOT CIIOXKHYIO I'paHMITy U VIMWUTUPYIOT 37I0KadecTBeHHBbIe 00pa3oBa-
HVSL VI TPU UMEIOT OBAIBHYIO POPMY M UMUTUPYIOT KUCTBL

0 : ,
)KMpPOBas TKaHb
0.05F S 3nokavyecTeeHHas | | [ 1580
| KenesucTas TKaHe|  [OMyXOnb
01} N\ P |1 1560
5
0.15F 2 | 1540
E s /° Q
02+ ¢ 1| 41520
1
0.25¢F 1l 11500
03 || 11480

0 0.05 0.1 0.15 0.2 0.25 0.3
M

Puc. 1. Mopernb aKycTideckovt cpefibl

Mertop, pemeHus 3agauy yiIbTPa3ByKOBOVI MeOUIIMHCKOV TOMOIpadum
COCTOWUT B BU3Yya/IM3aIMi HEV3BECTHOW aKyCTMYeCKOV Cperlbl M OIIpefiee-
HWUM CKOPOCTEVI 3BYKa BO BKIIIOUEHMAX 10 KMHeMaTVIKe BOJIH.

ITocraHoBKa 00paTHOVI 3a7a4um
PaccMoTpyM JIMHEVHBIE aKyCTHUUeCKVe ypaBHEHWS IIepBOro IOpsiaKa ¢
HyseBbIMM JaHHBIMY Kot B R%x(0,T) (psiMast 3amayva):
1 i
C—pr =divv+6(x—x,)r(t),

v, =Vp, (1)
p|t=0: 0, U|t:0: 0.
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3pnecy p(x,t;x,) — paenenme; v(x,t;X;) — BEKTOpHOe IOJIe CKOPOCTU
gacTuiy; §(x—x,) — dyHkums [Anpaka, KOTOpas MOIEIMPYeT TOUeUHBIIT VIC-
TOYHWK, PacIIOIOXeHHBIN B Touke X, €' ={x:|x—x, |=R}; r(t) — vmmyssc

Pukepa, r|,,=0 (puc. 2); c=c(x) — ckopocts 3ByKa. PyHKUMS C paBHA

KOHCTaHTe BHe amcka Q={x:|x—x, [<R}. BoiHbl, MHMUIIMMpPOBaHHBIE I'pa-

HWYHBIM VICTOYHVKOM, OTPpa’>karoTCsL / paccenBaroTCA OT BHYTPEHHGT?I T'paHn-
OBl «OKMpPOBasi — >KeJles3ncrad TKaH» 1 BKJTFOUEHMVI M 3alVChIBafOTCsI Ha .

1 ‘ " . . ‘

r(e) = (1 = 2n%(tfy = D2)e ™ ("
051 1

(=]

05 ‘ . . . ‘
%1072

Puc. 2. Vimiyisc Pukepa (f0 — JIOMMHUPYIOIIasi 4acToTa, fo = 1MHZ)

[Mycte T — aKyCTWUeCKMil pauyc mucka ), TO ecTh MUHUMAITbHO®
BpeMsi, HeoOXOoayMoe IS 3allOJIHeHVsT Aucka ) BOJIHaMM, VMHULIMMPOBaH-
HBIMV BCeMV IPaHWYHBIMM VICTOYHMKaMM (BpeMsi 3amoyHeHws1). [Jaee Mbl
OymeM Ipenrioiarark, 4To BpeMs pervicrpanum I Oosbllle, 4eM T .

3adaua meduyunckotl yavmpasbyxobou momoepaguu (oOpaTHas 3amada) —
BOCCTAHOBUTBH CKOPOCTb 3BYKa II0 TPAHUYHBIM M3MEPEeHWSIM IaBJIeHUs I
Pas3IIYIHBIX TIOJIOXKEHVIT MICTOUHVKOB (JaHHBIe OOpaTHOM 3aaun):

po(x, t;x)=p(x,t;x,), x,x, e, te[0,T].

CkopocTit 3ByKa B XXMPOBOVL M XKeJIe3VCTOV TKaHsIX IIPeJIIIosIaraioTcs 13-
BeCTHBIMU M3 MeAUIIVMHCKMX TaHHBIX.

HapaMeTpm YUMCJIEHHOI'O 5KCIIepVIMeHTa

UricleHHBIVT SKCIIEPUMEHT IIPOBOIVIICS Ha IIPSMOYTOIBHOV CEeTKe, BBI-
yncImTeIbHasg 00s1acTh IpezcTasisteT codom kBanpar 0,32x0,32m ¢ 1m1arom

Ax=10"* M. TpaHCIBIOCEPHI PACTIONOKEHBI PABHOMEPHO Ha OKPYKHOCTI

pamuyca r=0,15m, N, =256 (TpaHcmpiocep — OOBeHVIHEHHOe Ha3BaHVE

_ -5
IUIsL ICTOYHVIKOB VI IPUEeMHIKOB). Bpemennon mar At =107 ms. JomuaN-

pytoliast gacrtora umItyibca Pukepa cocrasisier 1 MI't1. UwncieHHoe pertte-
HYe IpsIMOV 3afiavll M 3a7a4y B 0OpaTHOM BpeMeHW BBIIIOIHSIIOCH SIBHBIM
YCJIOBHO CXOISIIIVIMCS. METOIOM KOHEYHBIX PasHOCTEN CO CIABUHYTOVI CETKOVL.
Vicriomnp3oBasicsa 12-11 HOPpSIOK alIpOKCUMMAIIUY IO IIPOCTPAHCTBEHHBIM Ile-
PpeMeHHBIM U 2-11 TIOPSIIOK 10 BpeMeH.
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KoMOmHEMpOBaHHBIV METOL,

KoMmOmHmposarHBIT MeTon, [2; 3] peleHMs 3agady MEOWUIIVIHCKON YIIb-
TPpa3ByKOBOV TOMOTpaduyi COCTOUT M3 ABYX 3TalloB: 1) BU3yam3anus aKy-
CTUYECKOVI Cpefpl; 2) oIlperesieHe CKOPOCTM 3ByKa BO BKIIoueHMsX. Ilep-
BBIVI IIar OCHOBAaH Ha XOPOIIIO WM3BeCTHOM B reodmsuke Merome Energy
Reverse Time Migration (Energy RTM) [9]. OcHoBHas nnes Energy RTM —
3TO Tpex3TalHas IIpoIleflypa: a) pelleHne IPsSIMON 3aau IIJId M3BeCTHOM
CKOPOCTHOV Mofers; 0) pacpocTpaHeHVe B 00paTHOM BpeMeHU M3MepeH-
HBIX JaHHBIX (JJAaHHBIX OOPATHOW 3a/1a4M) Yepes Ty Ke MOJelIb; B) CyIepIIo-
3ymmY 000MX IOJIEVI C VCIIOIb30BaHVEeM yCIOBUS Bu3yamsanmi. Ilogpob-
Hee Ipolleflypa Bu3yaym3aliuy omvcaHa B [2]. [ npouenypsr RTM Bax-
HYIO pOJIb UTPaeT CKOPOCTHas MOJIellb, 3a7laBaeMas B HadaJle IIPOLIeAY PEL, ee
elrie Ha3bIBalOT (POHOBOVI CKOPOCTHIO 3ByKa. 11 Oostee KauecTBEHHOV BI3Y-
ay3alyy Cpefdbl aBTOpaMU CTaTby OBUIO IpeyIOKeHO CHadasla BOCCTAHO-
BUTh BHYTPEHHIOIO T'PaHWUILy XWPOBOVI — >XejesucTom TKaHevt. ITpumens-
stack nporienypa Energy RTM misa meGosbimoro BpeMeHM HaOJTIOOEHMS U
¢OHOBOV CKOPOCTU 3BYKa, COOTBETCTBYIOIEV CKOPOCTU B >KMPOBOVI TKaHU
(puc. 3). daree, BoccTaHABIIMBAIOCh M300paXkeHe BKJIIOYEHVIVI C IIOMOIIIBIO
Tom1 ke mporienyprl Energy RTM, Ho my1s1 Bcero Bpemenu Habmofermsa T u
Mozen POHOBOV CKOPOCTH, IIOCTPOEHHOV Ha OCHOBe MOJTy4eHHOU (POpPMBbI
BHYTpPEHHEeV I'paHUIIbl M 3HAYEHUVI CKOPOCTU 3BYyKa B XXMPOBOV W JKeJIe3u-
CTOVI TKaHSIX (puC. 4).

015f / -

0.25+ e / 1

03¢ 1

0 005 01 015 02 025 03
M.

Puc. 3. BoccraHOBIIEHHOE M300paskeHVie BHY TPEHHETT I'PaHIIb]
JKMPOBOW — >KeJIe3UCTOV TKaHe!
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Puc. 4. BoccraHOBIIEHHOE M300paskeHVie BKITIOYeHUL

3HadeHN CKOPOCTM 3BYKa BO BKJIIOUEHWSIX OIIpelerslach II0 KHeMa-
TUYeCKVM JAaHHBIM, Kak B [3]. [I1s pukcrpoBaHHOTO BKIIOUEHMS ObUTI IIO-
CTpOEHBI JIy4M, COeOVHSIONIe VICTOYHMKN Ha OKpyXHocTm I, mpoxoms-
Ve 4yepes3 IIeHTp 3TOro BKIIOYEeHMs U He IepeceKalolye ApyTie BKIIode-
Hus. PeasibHOe BpeMsi IPOXOXIeHMs JTyda MeXy TpaHCAbIOcepaMi BBbIUNC-
JIgeTCsl M3 JaHHBIX oOpaTHOM 3amaun. CKOpOCTY 3ByKa B XMPOBOW U XKeJle-
3VICTOM TKAHSIX, pa3Mephbl BKIIIOUEHWS ¥ VIX PacIOIOKeHVe WM3BeCTHBI W3
n300pakeHn1, oTydeHHbIX Tocsie Energy RTM. Ha 3axmounTesisHOM 3Ta-
e ompenessUicss (PYHKIIMOHAI HEBSA3KM [JIsi BpeMeHU IIPOXOXKIeHNs JIyda
4yepes BKJIIOUeHMe. B pesyrpraTe MMHMMM3AINMN IOy YeHHOTO (PYHKIIMOHA-
JjIa HeBSI3KV OTHOCHUTEIBLHO 3Ha4YeHMs CKOPOCTM 3ByKa BO BKITIOUEHUV OBUI
IIOJIy9eH OKOHYaTeIbHBIV pe3ysIbTaT (puc. 5).

Homep 1 2 3 4 5
BKNOYeHUA
SHaueHue
cng:lmgm .488 m/ms |1.490 m/ms |1.493 m/ms 1,591 m/ms |1.597 m/ms

Bogggi::me%oéts*lg m/ms |1.506 m/ms | 1.542 m/ms|1.604 m/ms |1.574 m/ms
(2.1%) (1.14%) (3.3%) (0.87%) | (1.46%)

Puc. 5. BoccTaHOBIIEHHBIE 3HAUEHVIS CKOPOCTV 3ByKa BO BKJIFOUEHVISAX

Paboma Bvimosnena 3a cuem epanma Poccutickoeo Hayunoeo gonda (npoexm Ne16-11-
10027 «Teopemuueckoe u uucaenHoe ucciedobarue 3a0au Boanoboil u ayueBoil momoepa-

puu»).
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E.S. Smirnova

ON ASYMPTOTIC EXPRESSION FOR VELOCITY FIELD
OF ATMOSPHERE GAS PERTURBED BY 1D ACOUSTIC WAVE

The problem of 1D acoustic wave initiation by a rise of water masses is
formulated as a boundary problem at half spacez > 0. The atmosphere is
modeled as a multi-layer gas with an exponential structure of density in each
layer. The boundary conditions at z = 0 determine the direction of propaga-
tion, by link between dynamic variables (pressure, density, and velocity) of the
wave. It defines the dynamic projection operators on the subspaces of z-
evolution for each layer. The universal formulas for the perturbation of atmos-
pheric variables in an arbitrary layer are derived in frequency and time do-
mains. The explicit expressions for vertical velocity are built by the stationary
phase method considering z as large parameter. The resulting formulas can be
used to calculate the ionospheric effect by the explicit formula for electron den-
sity evolution. This set of explicit relations form a base for a quick algorithm
for early diagnostics of tsunami waves.

3adaua o0HomepHoeo B030yxOeHus axycmuueckoi Boanbl npu nodeeme
Boonbix Macc cgpopmyaupobana kax kpaebas 3adaua 6 noaynpocnmparcmbe.
Ammocchepa modeaupyemcs. Kax MHO20CAOUHbI 243 C IKCHOHEHUUAALHOU
cmpykmypoii naomuocmu 6 xaxoom caoe. I'panuunvie ycaobus onpedessiom
Hanpabienue pacnpocmpanenus no cBasu Mexoy OUHAMUUECKUMU NepeMeH-
HoiMu (0abaenue, naomuocms u ckopocmy) boanst. OH onpedessem onepamo-
pol OUHAMUYECKOT NpoeKyUU Ha noonpocmpancmba z-360410yuu 045 kax002o
ca0a. Yuubepcasvrvie gpopmyabt 045 603MYyujeHUs AMMOCHEPHBIX HNepeMeH-
HoLx 6 npousBosvtom caoe Buibodsamcs 6 uacmomnoi u BpemenHotl 004acmsax.
ABnvle Bvipaxenus 045 BepmukasbHOil CKOPOCHU CHIPOAMCA MemoooM chid-
YUOHAPHOT (hasvl ¢ Yuemom z kak boavuioeo napamempa. Iloayuennvle gpop-
MYAbL MO2Ym bl UCh0Ab306aHbl 045 pactema uoHocghepHoeo agpcpexma no
ABHOUL hopmye 360410YUL IAEKIMPOHHOU NAOMHOCHIU. Dmom HAbop ABHbIX
omHoueHUi popmupyent ocHoBy 045 BbicnIpoeo alseo0pumma panten ouazHo-
cmuky B0AH YYHAMU.

Keywords: acoustics, atmosphere, multilayer model, tsunami, boundary regime
problem.

KimroueBrle c10Ba: axycrTumka, aTMmocdepa, MHOTOC/IOVIHAs MOAeb, ITyHaMV,
npo0sieMa rPaHUYHOTO PeXMMa.

Introduction

The detection and prediction of tsunami waves is an urgent task of mod-
ern geophysics [1]. Among the various approaches to the problem, a set of
investigations aimed at studying the ocean-atmosphere-ionosphere connec-
tion is being distinguished. In [2], convincing arguments were presented in
favor of the fact that phenomena occurring in the oceans are an important

© Smirnova E.S., 2020
Becmuux basmutickoeo gpedepasvroeo yHubepcumema um. V. Kanma.
Cep.: @usukxo-mamemamuvecxkue u mexnuveckue Hayxu. 2020. Ne 3. C. 11 —19.
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source of waves in the thermosphere. The tsunami wave disturbs in the at-
mosphere acoustic and internal gravitational waves [4], that affects the total
electron concentration [5—7], that proves to be important both in the diag-
nostics of atmospheric effects and for the detection of tsunami waves at the
initial stage [8]. Moreover, observations show that «the first arrival of a tran-
sient signal of tsunami-induced waves occurs at a 100-km altitude just 5 min
after the tsunami is generated» [9].

Important results were obtained for the exponential atmosphere within
the linear theory [4] and for the non-linear generalization in various orders
of magnitude of non-linearity [11]. For instance, the dispersion relations
were derived, which provided the basis for the developed concepts and
practical recommendations for geophysics.

The authors in [10] simulated the ionospheric responses to infrasonic-
acoustic waves, using the compressible atmospheric dynamics model. Such,
mainly numerical, investigations present different important aspects of the
phenomenon in much detail [12]. The theoretical study of the propagation of
long acoustic waves in the atmosphere and tsunami detection problem starts
from [4; 8; 13]. Taking into account weak heterogeneity for such waves,
methods similar to the semi-classical approximation of quantum mechanics
[14] can be adopted.

In our work, we study the formulation and analytical solution of the 1D
multi-layer problem of purely acoustic perturbations and their ionospheric
effect, that excludes internal gravitational waves [15]. This is especially im-
portant for waves such as tsunamis with a large amplitude and space scale
[3].

The Fourier method is employed to solve the basic equations and deliver
the transformation from the time domain to the frequency domain. The solu-
tion of the resulting ordinary differential equations transforms to the time
domain by inverse Fourier transform to obtain the final integral form. The
corresponding integral contains a rapidly-oscillating function, which paves
the way for further asymptotic analysis, which we demonstrate here [16].

Basic equations

The proper decomposition of the perturbation into acoustic and entropy
modes in a one-dimensional flow, which is studied in this work, is used as
the basis for each layer in our multi-layered model. The equations based on
the conservation of momentum, energy, and mass determine the behavior of
a fluid, as non-dissipative medium [17]. These nonlinear equations model
the dynamics of all possible types of motion that can take place in a gas me-
dium [11].

We start with linearized conservation equations in terms of pressure and
density variations, p'(z) and p'(z)as deviations from hydro-dynamically-

stable stationary functions p(z),7(z) which are no longer constants for gas
in the gravity field. Consider the problem of the propagation of acoustic
waves in an exponentially-stratified atmosphere layer. The pressure and
density of the unperturbed atmosphere are described by the law:



E.S. Smirnova

W

5(2)=p, -exp(—%j “p, gH-exp(—%J 5(2)=p, ~exp(—%). o

Here, 7(z) is the pressure of the unperturbed atmosphere, p, is the
pressure at the water-air interface, 5(z) is the density of the unperturbed
atmosphere, p, is the air density at the water-air interface, H is the atmos-

pheric scale height, and z is the current height value.
Let v be the velocity vector of the gas flow with the vertical component

V;r=C /C; C,C, are molar heat capacities at constant pressure and vol-
ume correspondingly; § is the gravity acceleration field vector, whose com-
ponents, in the case of vertical gravitational field, are ¢ =0, ¢, =0,and g =g.

Further, in the context of entropy mode introduction, we enter a new
variable:

P

o'=p'-p'=. 2
5 )

Next, we go to the conventional set of variables:
z z z
P=p'-exp| — |, 0=0¢"-exp| — |,U. =V -exp| ——— |, 3
S P TP S

where P,®,U,_ are the new quantities defined in this way and V, is the verti-

cal velocity of the flow.

Our main intention to simplify the model relates to the plane waves'
case. Therefore, we consider the one-dimensional boundary problem for
each layer of our model. For such a case, the system of hydro-thermodyna-
mics takes the form:

2 —
@:- 1 6(21)4_}/ 2P+2, (4)
oz g(y-1)ot* 2yH  yH
0’0 _y-10P y-200 5)
ozot  yH ot 2yH ot
1 oD
R P (©)
an(?’ )
Solution

The statement of the problem of the propagation of the boundary regime
and its solution are described in detail in [16]. The resulting recurrence for-
mulas in the time domain are given below:
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u (Zt \/7.[ u,)t Zn_ )) expl: lk (Z hn 1 :lda), (7)
P”(th):_ A .]:g"“' Zipn(H}/wz—g7+g)C”(w) 8)

exp[=ik (0)(z=h_ )]do,
2z . a)(ia)—ﬂ)(\/;/z—élH}/a)z/g+772) F

m}t gp() V- 1)C (a))

(D ,t k h d ,
(z \/_J‘ olio—1) exp[ ik, (o)(z—h,_, ] ® ©)
here:
C()) = ﬁ[exp [_i(hm—l _hm—Z )km—l (C{)):' : exp {M}/
m=1 2Hm—1 (10)
2
(@)= 2
Hngy 4Hn (11)

Further, the indices will denote the layer number, i.e., H, is the average
atmospheric scale height in the n-layer, h, is the height of the interface be-
tween n- and n+1-layersand n=0,1,2,....

Temperature, K
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Fig. 1. Multi-layered atmosphere model
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We also find critical values for w when k (@) =0 for each layer:

- /7_8 12
wc,n 4Hn * ( )

Stationary Phase Approximation

The integrand of (7)—(9) contains rapidly-oscillating function
exp[-ik (w)(z-h, )] at the range of (w ) and z>h . It allows applying
asymptotic representation for the integral by conventional stationary phase
approximation via the stationary point frequency ,,, . Generally, having the
integral:

f(z,t)=%jl—“(m)exp[—i(k(a))z—a)t)]da) (13)

ﬂ- R

the conventional asymptotic expression yields:

(14)
(15)
dk t
= (16)

The root of this equation gives the dominant frequency ®,, (z,t) for cer-

tain z and ¢. In the case of (7), for n=1:

f(zt)=U,(z1), 17)
R
k(@)= T (18)
C
F(o)= (i;;(_“;?). (19)

The dominant frequency for (7), found from (4):

__ 8 (20)

a)om/ -
o 2Hygt* -7*
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Thus, the velocity in the first layer is represented as:
U, (z,t)=1+I, (21)

where

- lzk1 (o)

el

And the stationary phase approximation forw, , , far from o, is given by

dum 1

I, :_zi;zkwdamll _/1| IZcos(k(a)m)z—a)mti%j. 23)
, \/Z dz*
We go back to the values from (3):
V,(z,t)=(I, +15)e%“1 . (24)
3.5
3]
2.5
Vi 21 e oo
1.5
1
0.5

10 20 30 40 50 60
1
Fig. 2. Depicted ¥ according to the formula (24) for z = 10000 m.
The dots denote the [, exp[z/ 2H], calculated numerically.

The solid line indicates I, exp[z/ 2H,] calculated using
the stationary phase approximation

Second layer

A Iy
Valzt)=- Hlfm*

xexp|i| wt—h, / /
{[ H,gy 4H2 H,gy 4H2

(25)
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The expression for the phase in the second layer:

®° 1 ®* 1
p=ot—h, ————(z-h,.,) T (26)
H,gy 4H, H,gy 4H,
»° 1

we rewrite as:
I @* 1 z-h /
p=0wt-h - - — n-1 _ _ (27)
H, gy 4H, h, H, gy 4H,

¢ =ot—hK(o) (28)

or

that allows to apply the general expression (14) directly. The roots of the sta-
tionary phase condition dK/dw=t/h are expressed in rather complicated
form that forces us to apply a symbolic computation program.

Analysis of the Effects at Ionospheric Heights. Neutral gas perturbation

To analyze the neutral gas perturbation effect at the altitudes of the ion-
osphere, it is necessary to return to the physical quantities and then calculate
their changes with increasing altitude for each layer:

z—h z—
! :P Lex _Z n1 , ! =0 -ex _Z nl ,
P n p[ H ] @, n p[ 2H J

n

U, =V, -exp (—Z ;;Il”’l ]

The acoustic wave propagation entering the ionosphere acts on ions. The
problem of the AGW ionosphere effect description has been studied for
many years [6].

Ionospheric effect

The ionosphere effect, a variation of electron concentration as a function
of the vertical coordinate and time, is determined by the vertical component
of velocity. In [5], a simple formula for the electron concentration dynamics
was derived, and its coordinate and time dependence were calculated as the
solution of the diffusion equation, parametrized by the velocity profile as a
coefficient. For more details, see [6]. The formula is an expansion of the dif-
fusion equation solution in a series by Whittaker functions with a leading
term in the conditions of the considered problem.

Discussion: Comparison

Due to the almost exponential growth of the amplitude with altitude
above sea level, even small disturbances at sea level increase at the altitudes
of the ionosphere, which gives a gas velocity amplitude over 200 m/s, cf. [9].

17
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This, together with addition information about source localization guaran-
tees the possibility to use the model in tsunami diagnostics and the eventual
prognosis of the wave impact at the seashore.

A comparison with the pulse arrival times (t,) at a prescribed heights,

may estimated by the summation of the times t =h -h__ / V., where are the

group velocities in n-layer borders. This fact is supported by the measure-
ments results, reported in [9]. More precisely, the arrival time was estimated
by the condition ®,, @ and evaluation of the time delay via the layer

dom
group velocities t, = 1/k (®dgom,n)- For the height of 100 km, it gives the value
t, =319s, the sum of time delays for the first layers, which approximately cor-
responds to the result of the simulations and experiments given, again in [9].

As for results related to ionosphere perturbations, see again [10]. The
simulations show the variation of the electron density at the F-layer of about
8—10% (Figure 10 of [10]), which is in rather good correspondence with our
estimations.

Conclusions

The result of this paper is the final formula for acoustic wave perturba-
tion at ionosphere heights. The expression of the resulting inverse Fourier
transform integrals yields an explicit expression for the fluid velocity field
by stationary phase method, combined with numerical and symbolic com-
putations. The model of the acoustic wave generated by the earthquake may
be built as a similar boundary regime propagation problem.

As a next important result, we do an adaptation of the explicit formula
for the infrasonic wave impact to the electron concentration at ionosphere
layers.

Finally, combining the analytical formulas creates the basis for the algo-
rithm that can evaluate the ionospheric effect very quickly. Such a model,
combined with the event localization model, for tsunami or earthquake di-
agnostics may be beneficial.
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DOOEKTBI INTOPMOBBIX ABJIEHVUN B BAJITUMICKOM MOPE
HA BEPXHIOIO ATMOC®PEPY

I1pedcmabBaenvl pesysvmamst Habato0eHuil napamempod uotocgpepsl, Boi-
noamennoix 6 Kasununepade (54° N, 20° E) 6 nepuod memeoposoeutieckoeo
wmopma 8 basmuiickom mope 8 okmadpe 2018 e. Anaius Bapuayuil uoHo-
chepol noxaszan, umo 6 nepuod winopma yBesuvenue noAHO20 IAEKIMPOHHORO
codepsxanus, 0ocmueaso 20 % omHOCUMeAbHO OCpeOHeHHbIX Beaunun, a Ybe-
Auvenue kpumuueckoi uacmomsl F2-caon — 19 %. Taxoke Bviabaeno noboi-
wenue amnaumyo Bapuayuii uoHocgepst ¢ nepuodamu 6 — 20 Mun Had odaa-
CIMbI0  MemeopoAoeuteckoeo wimopma. Pesyavmamsl uucienHoeo Kcnepu-
Menma no Bosmyujenuto Bepxretl ammocgpepvi BeaedcmBue Habawodaemovix 6a-
puayuil npusemHo2o 0abAeHuA maxke nokasaiu ycuienue Bo1Hobott axmub-
Hocmu ¢ nepuodamu ~15 mMun u gopmupobanue kpynHomacuimadbrozo 60s-
MYyuyeHus Ha Bolcomax mepmocgepoL.

The paper presents the results of observations the ionospheric parameters
in Kaliningrad (54° N, 20° E) during a meteorological storm in the Baltic sea
on October 2018. The analysis of ionospheric variations showed the increase
in the total electron content reached 20 % relative to the averaged values, and
the increase in the critical frequency of the F2 layer was 19 % during the
storm. The increase in the amplitudes of ionospheric variations with periods of
6 — 20 min over the area of a meteorological storm was also revealed. The re-
sults of the numerical experiment on the disturbance of the upper atmosphere
due to the observed variations in surface pressure also showed an increase in
wave activity with periods of ~15 min and the formation of a large-scale dis-
turbance at the heights of the thermosphere.

KiroueBsble ci1oBa: MeTeopoJIornmieckoe BO3MYIIEHIE, T/IOHOCCpepa, II0JTHOEe
3JIEKTPOHHOE coJeprKaHNe, CVCTEMbI 100aJIBHOTO IIO3UIIMOHVPOBaHs, MaTeMaTu-
Heckoe MoieJIinmpoBaHye, JVCTaHIIMOHHOEe 30HIpOBaHMe.

Keywords: meteorological storm, ionosphere, total electron content, global posi-
tioning system, mathematical modeling, remote sensing.

BBenenue

B mccrrenoBaHmsIX BIMAHNMSA OVMHAMUYIECKVIX IIPOIIECCOB B HVDKHEV aTMO-
cdpepe Ha cocTOsAHVIE M M3MEHUMBOCTh BEpPXHEN aTMocdepsl 11 MOHOC]EPE
OosbIlIoe BHMMaHVIE YAENISIETCS M3YYEHWUIO XapaKTepUCTUK BOJIH, BO3HVKa-
IOIIMX B YCJIOBUSIX CMJIBHBIX METeOpOJIOTMYeCKMX BO3MYIIEHW. DKCIepu-
MeHTaJIbHBIE MCCIIEIOBAHMS COCTOSHMS M AVHAMVKY MOHOC(hepbI Hajl 00J1a-
CTSIMVL Pa3BUTHSL 0CO00 3KCTpeMaTbHBIX MeTeOPOIOIMIeCKMX COOBITU, Ta-
KVX KaK yparaHsl ¥ TavipyHBI, IeMOHCTPUPYIOT popMIpOBaHYIe PasIMIHO-
ro pona 3¢ddeKToB, B TOM 4Ycile TlepeMeIIaoInXCcsi MOHOCEPHBIX BO3MY-

© Bopuesknna O.I1., Kypasesa IO. A., Kaprios M. V., Uyb6apenko b.B., Jomuns [1. A,
Kopenrkosa H. A., Kaprios I1.B., 2020

Becmmux basmuiickoeo gpedepasvrozo ynubepcumema um. Y. Kanma.

Cep.: Qusuko-mamemamuveckue u mexruveckue Hayxu. 2020. Ne 3. C. 20— 28.
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menvimt (I1V/1B), Bo3aMyIeHMIT 371eKTPUIecKoro Mosis, IIOJTHOTO 3J1eKTPOHHO-
ro comepxxanus (MoHocdepHb Tapamerp TEC), BOSHMKHOBEHVE OIITIUe-
CKVMIX aMmccuii, sBiteHnyt F-paccersanms v op. [1—95].

Bo BpeMst MacIITaOHBIX METEOPOJIOTMYECKIMX COOBITMUII Ha CPeIHMX -
poTax B CIIOKOVHBIX I'eJIoreom3decKnx yCIOBIsIX, KOIa BO3IeVICTBIe Ha
MoHOCepy CBepXy MMHWMMAJIBPHO, OTMeuaeTcsl M3MeHeHMe IlapaMeTpOB
HeviTpasibHOVI aTMocdepsl 1 moHocdeprr Ha 20% m Gomee [6; 7]. Viowo-
cdepHBIe BO3MYIIEHNS BO3HMKAIOT JOCTATOYHO OBICTPO, CITYCTSI HECKOJIBKO
YJacoB II0Cjle Hadasla MeTeOpOJIOTMIeCKOrO BO3MYIIIEHM:, UYTO yKa3blBaeT Ha
BOJIHOBYIO IIPMPOJY IIPOLIECCOB, PeaIM3yIOIIVIX CBS3M SABJIEHUV B pas3iIid-
HBIX CJ105X aTMocdepsl. Hambompimmiit mHTepec B McciIenoBaHMSIX MeXaHM3-
MOB (pOPMMPOBaHNA MOHOCPEPHBIX BO3MYIIIEHNI B TaKMX SBJIEHVSIX IIpe-
CTaBJIAIOT aKyCTMKO-IpaBUTaIMOHHbIe BOIHEI (AI'B) [8; 9]. Takme BOHEI
CIIOCOOHBI TIEPEHOCUTh SHEPTUIO 13 0071acTy BO3MYIIIEHWII B HVDKHEV aTMO-
cdepe mo BEICOT MOHOCGEPHI, BAMATH Ha JIOKAJIBHYIO 3JIEKTPOHHYIO IUIOT-
HOCTb IIOCPENCTBOM VIOH-HEVTPaIbHBIX CTOJIKHOBEHNVI, IIPMUBOASL K BO3HVIK-
HOBeHMIO VoHOCepHBIX BosMyIneHur 1 ITVB [10]. B cBoro ouepens, Bo3-
HVKHOBEHMe VOHOCHEpPHBIX HEOJHOPONHOCTEV OKasblBaeT BJIMAHME Ha
yCTOVMMBOCTE (PYHKIMOHMPOBAHWSL CCTEM CBSI3V B Pas/IMUHBIX YaCTOTHBIX
IMara3oHax, IJI00aJIbHBIX HaBUTAIlIOHHBIX CIIyTHMUKOBBIX crcTeM (GNSS).

B HacTosimern paboTe IpercTaB/IeHbl pe3ysIbTaThl HaOIFOmeHNIT M aHa-
JIM3 Bapraluii MOHOCQepBl BO BpeMsi MeTeOpOoJIOrMIecKoro coorrrys B bas-
TUVICKOM MOpe B OKTs10pe 2018 T.

MeTopp! v pe3y/IbTaThI HaOIIFOIEHIV

151 omvicaHVIsT MEeTEeOPOJIOTMIeCKOVI OOCTaHOBKYM VICIIOIB30BaIVICh TpeX-
JacoBble M3MepPeHMsI MaKCUMaIbHBIX 3HAaUeHWI IOPBIBOB BETpa, a TaKxke
atMocepHOTo mHaBIeHus, MNPUBEOEHHOTO K CpegHeMy VPOBHIO MOpPs
(http:/ /www.rp5.ru). B xauecTBe HaHHBIX IS aHAIM3a OTK/IVKA MOHOC(De-
PBl UCHOIB30BAJIVICH YacOBBIe VI3MepeHMs KPWUTMYIECKOV 4acToThl F2-crios
noHocdeps! (foF2, MI'h), xapakTepmsyoleit MaKCMMYM B BEPTUKaIbHOM
npoduie 3JIeKTPOHHON KOHIIEHTpaIlUM T10 TaHHBIM 1MoHo30HAa «[lapyc-A»
Kaymanurpaackoro dpwmana M3SMUPAH (54° N, 20° E), a Takke ocpen-
HeHHble 3a 10-MMHYTHBIVI MHTepBaJl M3MepeHMs IIOJIHOTO 3JIeKTPOHHOIO
comepxanms (MoHocdepHsI mapamerp TEC) 1o maHHBIM HpMeMHMKa CUT-
HastoB GPS. B xagecTBe JOIIOIHMTEIFHOTO MCTOYHMKA JAHHBIX VICIIOIB30Ba-
JIMCBH M3MepeHs MeTeopostormdeckont craHmmy B Onpiareige (53° N, 20° E),
IMomemma (gacoBble mM3MepeHMs), a Takxke cTaHIuM International GNSS
Service LAMA (53.7° N, 20.6° E). s agammmsa so3mytermit foF2 n TEC
ObUIM OIpeqeleHbl OTKIIOHEeHVSI JaHHBIX BEJIVMYVMH OTHOCUTEIBHO CKOJIb3s-
e MedVaHbl, OTIEHTPUPOBAaHHOV Ha IeHb pacCMaTpMBaeMOTo JHs, C OK-
HOM 13 cyTOK 10 1 ocJIe paccCMaTpUBaeMOro MOMEHTa BpeMeHN.

Ha pucynke 1 mpepacraBieHBl M3MepeHMs aTMOCHEpPHOIO OaBJIeHMs,
MaKCVMaJIbHBIX IIOPBIBOB BeTpa, MHAEKCOB TeOMarHUTHON aKTUBHOCTY Kp 1
Dst, a taxxe nanuele TEC u foF2 B Kaymauurpame n OnbiinTeiHe ¢ 21 110
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26 oxts16ps 2018 r. K cepenmme 23 oktabps B Kamumarpame v OrnbInTeiHe
IIpu3eMHOe aTMocdepHOe TaBjIeHNe OIyCTWIOCh Hipke 750 MM. PT. CT., CKO-
pocTh BeTpa mpesbiciwla 17 M/c 1 Ha clemymommit AeHp gocruria 20 m/c,
YTO COOTBeTCTBYeT 8 Oasviam 1o mKasle bodopra. B HOUb Ha 24 OKTAOps
Habmomaricst pocT a71eKTpoHHOV KoHIleHTpatym, 1 K 09:00 UT yBermaenme
TEC pmocturiio 20 % OTHOCUTEIBHO OCpeTHEHHBIX BEJIMYMH, UTO COOTBET-
CTBOBaJIO 2,4 CTaHHAPTHOIO OTKJIOHEHWM:S O. YBelndeHve KpUTHUIecKol da-
crotbl F2-crtost cocrasmio 19 %, v 1,6 o.
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Puc. 1. VIsmepenmst atmocdepHoro fasiieHus P, MakcMaIbHBIX ITIOPBIBOB BeTpa ff3,
vHaekcos reoMarauTHON akTBHOCTY Kp 11 Dst, a Taxoke TEC B Osnbrirreige
u foF2 B Kaymmumnarpane 21-26 oxtaops 2018 r.

ITyHKTUPHBIMY JIMHMSMY YKa3aHbl MegyaHHbIe 3Hadenns TEC u foF2.

s ompenesieHMs 4acTOTHBIX XapaKTepUCTUK BapUalvil IapaMeTpoB
MoHocdepbl Hajl 00J1aCThI0 METEOPOJIOTMYECKOTO BO3MYIIEHMS IIPVIMEHS-
JICh MeTOMBl BeViBJIeT-aHaIM3a K JaHHBIM HaOJIFOIeHWMII IIOJTHOTO 3JIeK-
TPOHHOTO COIep>KaHVIsl, ONpefesIeHHBIX II0 CUTHajIaM ITPOJIETHBIX CITyTHM-
xoB GPS . Metoip! BeviBiieT-aHa/IM3a IIIMPOKO IIPVMEHSIIOTCS [IIsl 00paboTKm
¥ aHaJI3a HecTalIOHAPHBIX BO BpeMeHU 1 HeOIHOPOIHBIX B IIPOCTPAHCTBE
curgasios [11; 12]. Pe3ysipraThl Takoro aHaimsa IO3BOJIAIOT IIOJIYYUTH WH-
dopmMamIo 0 pacIpeneleHn SHEePIuM B CIIeKTpe CUTHaJIa M CBeOeHMS O
BpeMeHI TIOSIBJIEHUS OIIpeesIeHHbIX YacTOTHBIX COCTaBiIgrommx. I[lpu
BeVIBJIeT-TIpe00pa3oBaHNI OJHOMEPHBIX CUTHAJIOB YacTOTa M BpeMs pac-
cMaTpUBaIOTCd KaK He3aBUCUMBbIe IlepeMeHHBle, YTO II03BOJISeT II0JIy4aThb
CBeIleHMsI O BpeMEHHOVI 3BOJTIOLVIL CUTHAaIA.

KoaddumenTr! BeviBieT-1Ipeo0pa3oBaHys BBIUVCIISIOTCS CIIEAYIONINM
obpaszom:
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W (a,b) = [t (ﬂ]dt, 1)
Ja o, a
rae x(t) — orydarvizem mporecc; ¥ (t) — BHIOpPAHHBIV AaHATM3VPYIOLINTI Bel-
BIleT; b — mapamerp capura.
ITpw BBIYMCIIEHV BEVIBIIET-KO(PPUIIEHTOB HEPETYIIIPHBIX IIPOLIECCOB
METOZIOM IIPSIMOYTOJIBHUKOB BeipakeHye (1) mpeoGpasyercst K ciieiyomemy

BULY:

1 t,—b
W(a’b): Z(tk+1_tk)ka/k — |, (2)
Ja k=0 a
rme N — U1CIIo OTCYeTOB peayIv3ariyi HeSKBUIVMCTAHTHOIO BPeMEHHOTO psifia.
B macrosiieM mcceroBasmy ObUI BEIOpaH KOMIUIEKCHBIN BemBiTeT Mopiie

Vcnorne3oBanme maaHbIX TEC IIposieTHBIX CITYyTHUKOB J1aeT BO3MOXKHOCTD
BBIOEJIATh Ha (POHEe PeryyIIpHBIX VI HeperyJISIpHBIX BO3MYyIIAOmmX paKTo-
POB B BO3MYIIEHS B MOHOC(epe Ha OCHOBE TOYHBIX (Pa30BBIX M3MEpPeHM
[13]. JanHBIe MMeIOT BpeMeHHOe paspelreHve 30 ¢, YTO IIO3BOJISIET MICCIIENO-
BaTh pasIMUHble TIEPUOAMKI CUTHAJIA.

Ha pucyHke 2 mpencTasiieHbl IepVOOOTPAaMMBI IIOJTHOTO 3JIEKTPOHHOTO
copep>KaHMsl, IIOJIyUeHHble II0 HaOJIIOAeHNsIM CUTHaJIOB cryTHMKa PRN 22
Hap crarmment VISO (57.5° N, 18.4° E) 22—28 oxtgbps 2018 r. IToporosoe
3HadeHwme yria Mecta CoJIHIIa [JI8 aHaIM3a OTKIMKA MOHOCMePHl Ha MeTeo-
poJIoruecKie BO3MYILEHMS B Tporocdepe ObUIO ompeerieHo paBHbIM 20°.
B aHaim3e HaOIIOEHNIT OCHOBHOE BHVIMAHVE YAEJISUIOCH BBIIEJIEHVIO Bapy-
atymt TEC ¢ mepuomamm 2—20 muu. AI'B ¢ TakmMmu mepmuopgamMu pacIpo-
CTPAHSIOTCS IIPaKTNIeCKM BEPTUKAIBHO M3 00IacTi BO3MYILIEHUII B TPOIIO-
cepe.

PRN 22
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26 oxTAGpA
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w
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g
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w B

23 axrnbpn

109 11,1 11,3 11,5 11,7 11,3 12,1 12,3 10,8 11 11,2 11,4 11,6 11,8 12 12,2 108 11 11,2 11,8 11,6 118 12 12,2 106 10,8 11 11,2 11,4 11,6 11,8 12

Puc. 2. Criexrpsl Bapmanmi TEC 22 —28 oxTs16pst 2018 . Ha craHmm VISO

Kak BugHO 13 prcyHKa 2, JHM METeOpOJIOrMIecKoro BO3MYIIeHVsE B TPO-
ocdepe cOIpOBOXIAIOTCS ycvuTeHvieM aMImnTy Bapuatyit TEC ¢ mepwo-
mamm 6—10 m 12—18 mMun 25—26 oxTg0psi. Takoe yBermueHe MOXeT ObITh
CBSI3aHO C yBeImdeHneM akTvBHocTi AI'B, pacrpocrpassommxcs n3 o0sia-
CTV METEOPOJIOTMUECKOro IITOPMa.

Taxmm obpasoM, pesysnbTaTsl aHamm3a Bapuanmit TEC mokasbiBaroT ycu-
JleHVe BOJIHOBOM akTuBHOCTM AI'B ¢ mepmomamu ~6-20 MUH B IIepUOAbI Me-
TeOPOJIOTMIecKOro mropMa B 25 —26 okrsopst 2018 r.
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Mogenuposaaue

1 oIleHKM BIIMSIHMS Ha BepxHIo atMocdepy AI'B, Bo3OyxmaeMbix B
Tporocdepe B IIepyo, METeOPOJIOTMYECKOro IITOpMa, ObUI BBIIIOJTHEH YNC-
JIEHHBIVI 3KCIIEPUMEHT C IIpMMeHeHVeM YMCIeHHOV MOAeNy TeHepaumun
pactpocrparernnsi ATB Atmosym [14]. Meronwka mposeneHs YVICIIEHHOIO
SKCIIepMMeHTa C WCIO/Ib30BaHMeM B KaudecTBe WCTOYHMKA BO3MYIIeHWN
HabJTIomaeMbIX BapMaIyit IIPU3eMHOTO JaBJIeH s IIpericTasiieHa B [15; 16].

B mpoBemeHHOM UNMCIIEHHOM 3KCIIEPVIMEHTE IO VCCIIEHOBaHMIO BO3MY-
IIeHWV BepxHew atMocdepbl B BalaTurickoM permoHe OT MeTeoposIorvde-
CKMX VICTOYHVIKOB OBUIN VICIIOJIb30BaHbI ABYXMIHY THBIE [JaHHBIE VI3MeHEHVI
TeMIepaTypel B bayrurickoMm Mope. [laaHBIe ObUIV IIpVBEleHHI K Bapyaliy-
AM HaBJIeHNMsI U VICIIOJIb30BaHbl B KauecTBe HVDKHEro I'PaHVYHOIO YCJIOBUS B
MoOZeJTbHBIX pacdeTax. ObJacTh MHTErpUpOBaHVIS YpaBHEHWIT MOJIEI COCTaB-
sisv1a 2000 KM B ropu3oHTaIbHOM HarrpassteHuy 11 500 KM — 110 BepTHKaJIu.

Bosmymienns armocdepHoOro napjleHVs Ha HVDKHeEV T'paHWile MOIeIu
BOCITPOM3BOAMIIV YCJIOBVSI, B KOTOPBIX BapualluMy aBjleHns B obracTi ¢
x <1000 xM ompenessUINCh MO JaHHBIM, ITOJIyYeHHBIM HaJl BOJHOW IIOBepX-
HOCTBIO, a B obactu ¢ x>1000 xM — 1o HabmomeHMsAM Ha cymre. Mopers-
HBIVI ICTOYHVIK IBVDKETCS OT Hadasla JIEBOVI TPaHMIIbl pacueTHOVI 00J1acTi 110
cepenmel (1000 kM) 1 ITpoOITKaeT paboTaTh Ha 3TOM ydacTKe BCe OCTaBIIe-
eca Bpemsa. Ha pucynke 3 mokasaHbI HPOCTpaHCTBeHHBIE pacIIpeferleHVs
BOJTHOBBEIX BO3MYIIIEHUVI TeMIIepaTypPbl B BepXHel aTMocdepe OT MICTOYHVIKA
B HIDKHeV aTMocdepe.

t=44 50 munyT (LT)

400000

N 200000

t=4455MuHyT (LT)
400000

200000

t =54 00 MUHYT (LT)

t =64 40 MuHyT (LT)

WameHneHnne BonHoOBOro nons remnepatybl, K

400000

N 200000

200000 600000 1000000 1400000 1800000

XM

Puc. 3. BoytHOBBIe BO3MYIIIeHMS TeMIIepaTyphl B BepxHert aTMocdepe
OT Ha3zeMHOro vcrouHmka AI'B
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Pe3yrnbTaThl pacdeToB ITOKa3alll, 9YTO TaKOV MCTOUYHWK reHepupyeT B OC-
HOBHOM MH@Pa3BYKOBEIe BOJIHEI C MasIbIMy aMIDInTyaaMu. Ha done pesko-
ro TOHVDKeHMs [aBjleHMs OKOJIO 5 dYacoB yTpa IO MEeCTHOMY BpeMeHU
HabTomaeTcs pe3koe yBedeHvie TeMIIepaTypbl, KOTOPOe MOXKHO acCOLIMI-
poBaTh C IPUXOAOM BHYTPEHHMX IPaBUTAIIMIOHHBIX BOJIH C IIeproAoM Oosiee
15 mun. BontHOBast mobaBKa, IMOKa3aHHas Ha PUCYHKe 3, IIpeBBIIIaeT 3Haue-
HVS, COOTBETCTBYIOIIVE CIIOKOVIHBIM METeOpPOJIOrMYecKuM ycitoBusM [17],
mout B 2 pasa. [TockorpKy 1cIionp3yeMble JaHHBIE O BapMamysaX daBieHNs
IIOJIy4eHBbl KOCBEHHBIM METOIIOM, peasibHBII HarpeB aTMocdepbl MOXeT
OBITH CyIIIeCTBEHHO BbIIle. D PEKTH], BbI3BaHHBIE PACIIPOCTPAHEHEM ITVIX
BOJIH, iepXKaTcsl B BepxHel atMocdepe okosio 1,5 u. Ilpenmnosiaraemsre dpu-
3UYecKre MexXaHM3Mbl BO3MYIIEHUI BepXHell aTMocdepsl IOAPOOHO OI-
canbl B [17; 18].

3ak/IroueHme

Ananms HaOmomeHUT aTMOCepHBIX M MOHOCEpPHBIX IIapaMeTpoB B
Iepuof, pasBUTMS MeTeOpOJIOTMIecKOoro ImropMma Ha bamnTuke B OKTsOpe
2018 r. mokasasl, 4To ObICTpEIe M3MeHeHMsI CKOPOCTV BeTpa ¥ IIPM3eMHOIOo
nasiteHys BeayT K ysermdennio TEC mo 2,4 cTaHmapTHOrO OTKIIOHEHWS W
Kputudeckoy 4acTtoTel F2-cstost mo 1,6 cTangapTHOrO OTKIIOHEHWsSI Hero-
CpeICTBeHHO Haz 00/1acThI0 MEeTeOpPOIOrMYecKX BO3MYIIeHu. VI3MeHeHme
CKOPOCTV BeTpa OIlperlesIieTcs HeyCTOMYMBBIM COCTOSIHVIEM aTMOCephl 1
XapaKTepu3yeT IIPOoIlecCh BO30YXKIeHsI aTMOCEPHBIX BOJIH.

B ycroBmsix MeTeopoIornaecKx IMTOPMOB yCVIIMBAIOTCS IIPOIIECCHl BO3-
Oyxmenust AI'B B HwkHent aTMocdepe. PacmipocTpaHeHMe Takux BOJIH B
BEPXHIOIO aTMOcdepy IPUBOANUT K (POPMMPOBAHIIO BOSMYIIIEHUVI COCTOSI-
HMS TepMocdepbl Ha MIPOCTPaHCTBEeHHBIX MacIITabaX, OIpenesIsieMbIX IIv-
TEJIBHOCTBIO ¥ IIPOCTPAHCTBEHHBIMI pasMepaMy o0i1acTy, HaXOMSIIecs B
30HE MeTeOpOJIOTIYeCcKOro Bo3MyeHs. [losiBiieHne Takmx obsacTet Bivs-
€T Ha IMPKYJLILMIO U 3IeKTpOAVHaMIYecKre IIporecchl B Tepmocdepe u
MoHOCdepe JIOKaJIbHBIM MOHOCHEPHBIM BO3MYILIEHVIM, IIPOSBIIAIONIVIMCS B
VI3MEHEHNsIX MOHOC(MepHBIX IapaMeTpoB. MojeslbHOe uccIefoBaHMe pe-
3yJIBTAaTOB pactpocTpaHeHns AI'B oT Ha3eMHBIX MCTOYHMKOB ITOITBEPXKIa-
10T IIpefdrioyiaraeMble (pu3MYecKre MexaHW3MBI BIIVISHNMSA MeTeOpOoJIoride-
CKMX IITOPMOB Ha BepXHIOI0 aTMocdepy 1 MoHOochepy.

Baazodaprocmu. ABTOpHI BEIpakaroT b6arogapHocTh International GNSS Service
3a pgocryn K gaHHbIM [HCC 1 cepsucy OMNIWeb Plus NASA / Goddard Space
thht Center 3a JaHHbIe TeOMarHVTHBIX MHOIEKCOB, MCIIOJIb30BaHHbIE B HACTOAIIIEM
VICCITEITOBaHWL.

Paboma Bvimoanena npu gpunancoboti noodepxxe POPU u Ipabumesscmba Karunun-
epadcxoi obaacmu, epanm Ne19-45-390005 («Bausnue wimopmoBuix Abaenuil 8 npubdpex-
ot 30ne baamuiickoeo mopa na ammocghepy u uorocgpepy 8 Karununepadckoii obaacmu»).
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C.A. bomman, C. B. Jlebae

IIOCTAHOBKA 3AOAYM PACCESIHMS 30HHBIX DJIEKTPOHOB
B ATOMHOW LIETIOYKE HA ITPMMECSX B ITPUBJIVDKEHUN
ITIOTEHLVAJIOB HYJIEBOT'O PAIINYCA

PaccmampubBaemca  npobaema pacceubanus cBA3aHHBIX  24eKMPOHOE
amoMHoll yenouku 6 mpexmepHom npocmparcmbe Ha amomax npumeceil.
s onucanus 30HHbIX 34eKmpoHo8 uchoavsyiomca 0i0xobckue yHKyuU,
nocmpoennvie ¢ yuemom cummempuu cucmemst. Ilpu smom 01a onucanus
KaK NomeHyuas08 omoessHblx amomol yenouxu, max u NOmMeHyuas08 npu-
Mecetl ucnoav3yemcs npubauxenue nomenyualod nyie6oeo paouyca.

In this work the problem of electron bound to 3d linear atom chain
scattering on impurity atoms is considered. In order to describe zone electrons
the Bloch functions are constructed with respect to symmetry consideration.
In addition, zero range potential approximation is used to model both atoms in
chain and impurity atoms.

KiroueBble c10Ba: 0JI0XOBCKVIE prHKLIVIV[, paccesHne, IIprMech, ITOTE€HIIVall
HYJIEBOI'O pajiiyca.

Keywords: Bloch wavefunction, scattering, impurity, zero range potential.

BBenenne

B ocHose motenmmanos Hyseporo paamyca (ITHP) [1] mexwr 3amena
peayIbHOTO IIOTeHIIMaIla aTOMa COOTBETCTBYIOIIVMM I'PaHWYHBIM YCJIOBVIEM B
TOYKe PacCIIOIOKEHMs aTOMa, YTO II03BOJIAET II0JIyYaTh TOYHBIE peIleHNs
IS 1esIoro Kitacca 3amad. OOHVMM M3 OCHOBHBIX YCJIOBUV TAHHOTO IIpWOmm-
JKeHWS SBJISIeTCS OTHOCHTENIbHAS MaJIOCTh SHEPIVIT YacTULl, ABVDKYIIVIXCS B
VICKOMOM TIOTeHIMasIe. [IjIsl TakMx 9acTull JyIviHa BOJIHBL Ae bporuia Oyper
BeJIVIKa, YTO II03BOJISIeT He YUWUTHIBATh B PacCMOTPEHWV TOYHYIO popMy m
HapaMeTphl peaJIbHOIO II0TeHIMasIa 1 3aMmeHnTb ero ITHP.

Mertopn ITHP Gbu1 ycIenmHo mpvMeHeH IS OIMCaHUS 3HAYMUTEILHOTO
yncila HaOJIIojaeMbIX SIBJIEHWMV, BKIIIOYAsl MEX30HHBIE Iepexobl B HaHO-
TpyOKax [2], apdexr Pamsayspa mist 211eKTPOH-MOJIEKYIIIPHOIO PacCesTHIS
[3]. Taxxe OBUT IIpOBENEH PSIT IIOMBITOK MCIIONNBb30BaTh [THP st ormcarms
3JIEKTPOHHOTO TPAHCIIOPTa B KBa3MOIHOMEPHBIX IEPUOAMNYIECKMX CTPYK-
Typax [4; 5]. K TakvM cTpyKTypaM OTHOCSATCS HAaHOHWTV, KOTOPBbIe HaXOHSAT
IIpVIMeHeHVe B pa3/IMIHbIX 00J1acTsIX, BKIII0Yasi HAHOCEHCOPBI, TPAH3VICTOPEI
7 KBaHTOBBbIE KOMITBIOTEPBL

[MpuHIMIMAIPHBIM OTJIIMYMEM PaccesHNS 30HHOIO 3JIeKTPOHa OT CBO-
OomHOrO SBJIeTCs HeOOXOMMMOCTb €r0 OIVCAHWMS C ITO3VIIMTL OJIOXOBCKVIX
dyuxm. B ganHOM paboTe paccMaTpuBaeTCs BOIIPOC IIOCTPOEHMS TaKMX
yHKITN, a TaKXKe ITIOCTAaHOBKM 3a/1aul PacCesTHS C X VICIIOIIb30BAHVIEM.

© Bormat C.A., JTeGre C.B., 2020
Becmnux basmuiickoeo ¢hedeparvroeo ynubepcumema um. V. Kanma.
Cep.: Dusuko-mamemamuueckue u mexrudeckue Hayku. 2020. Ne 3. C. 29 — 34.
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dyaxnnun biioxa

PaccMoTpyM JTMHEVIHYIO [eroYKy SKBUAVCTAHTHO PaCIIONIOKeHHBIX aTo-
MOB B TpeXMepHOM IIpocTpaHcTie. I[loTeHIMa Takovi ernoukn OyieT 3a1a-
BaThCS CJIEAYIOIIEVI CYMMOVAL:

V()= SV, (F -ni), 1)

n=-o0

e % — IIOTeHIIMaJI OTOeJIbHOI'O aTOMa, i — BEKTOP PpacCCTOAHVA MEXITY

COCETHVIMU aTOMaMIA.

Hasee, OymeM cumTaTh, UYTO IJIMHA BOJIHBI 30HHBIX 3JIeKTPOHOB JTaHHO
LIEITOYKM BeJIMKa, YTO II03BOJISIeT HaM WCIIOJIb30BaTh Ipubivokerne TTHP.
ComracHoO HpocTenIeMy BapyaHTy JAHHOTO IIPUOJIVDKEHMS, YUUTBIBAOIIIe-
My TOJIBKO S COCTOSIHWMS, TOYHBIVI IIOTEHIIVAJI aToMa V,, pacIIOJIOKEHHOTIO B

TOUYKe RS, MOJXHO 3aM€HUTH CJIEAYIOIMM I'PaHNMYHBIM yCJI0OBMEM, HaKyIaabI-

BaeMBIM Ha BOJTHOBYIO (PYHKIIMIO 3JIeKTpoHa ¥ :

(I7=R, ¥)-a|F =R, ¥ |=0, (2)

n

li 0
m| - 5
i-R, | O | 7 — Rn |
Ie IapaMeTp ¢ OIVCBHIBaeT MOIITHOCTB ITOTeHIMasIa.

3aTeM BBeeM LWIVHOPUYECKYIO CUCTeMy KOOpHAMHAaT (p, o, Z) TaKM

o0pa3oM, UTO OCh Z COHAITpaBieHa C BEKTOPOM 4 W IPOXOLMUT depe3 BCe
aTomsl nerrouky. Hac OymyT mMHTepecoBaTh CBSI3HBIE COCTOSIHVISL SJIEKTPOHOB
B 9TOVI LielIoYKe. BoTHOBBIE (DYHKLMM [IJISL TAKMX JIEKTPOHOB HEOOXOIMMO
MCKaTh KaK COOCTBeHHBIe (PYHKIIMM IIOJIHOrO Habopa KOMMYTMPYIOIIMX
orrepatopoB. B cirydae merouky atoMoB TakuM HabopoM Oy/iyT ciiemyrore
orepaTopHI:

N #?

H=—-—A+V(?), (3)

2m

— omnepatop lamwibTOHa, THEe /i — TIOCTOSIHHAs IUIaHKa; M — Macca
antektpona; V(F) — momHbIit moTeHmant mernodkn (1);

L = _inL, (4)

dg

— orepaTop IPOEKII MOMEHTa VMITYJIbCa;
Tw(p.¢,2)=v(p..z+a), (5)

— oIIepaTop TPAHCIIILUV Ha BEKTOP d .
OueBnHO, 3TH OllepaTOPbl KOMMYTUPYIOT

(A,1]=0, [A,L]=0, [T,L.]=0

7 00Pa3syIOT B TPEXMEPHOM IIPOCTPaHCTBe IIOJIHBIVI Habop.
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COOTBETCTBEHHO, JISI HAXOXIEHWs OJIOXOBCKOVI BOJIHOBOVI (PYHKLIVN
HeOoOXOOMMO PeInTh 3aJayyl Ha COOCTBEHHbIe 3HauUeHNsT M (PYHKIMM UL
omrepaTopos (3) — (5).

ITocTaBuM It Havasla 3a1a4y Ha COOCTBeHHBIe 3HAYeHWMS OIleparopa
TPpaHCIAININL

A

T.5(2) = g(z+a)=vs(2), (6)

Ime p4 — coOCTBEHHOe 3HaudeHMe oreparopa T, .
M3 TpeboBaHMS KOHEUHOCTM cpyHKLU/M & mpu z—>*oo ciIemyeT, 9To

|v| 1. C yueToM mMHeTHOCTH omlepaTopa T, MOXHO 3ammcaThb

a

v=e". (7)

A

3a)1aqy Ha coOCTBEeHHbBIE 3HAYEHVIST orrepaTtopa L c y4eToM SBHOI'O Bula

z
oleparopa B BBEIIEHHOVI CMCTeMe KOOPIMHAT MOXHO 3aIlViCaTh CIIeAYIOIINM
obpasom:

i) —ih%mﬁ) —huc(d), ®)

A

rme x4 — coOCTBeHHOe 3HadeHMe oreparopa L,. Pemenmie sToro ypaBHeHMs

VIMeeT CJIey oI BUIL:
S(p)=e", uel. )

B rammieroHMane (3) B crrydae npuomokenns [THP nmomHbm notenIan
oOparriaeTcss B HOJIb, II03TOMY COOCTBeHHEBIe (PYHKITMM OyIIyT COOTBETCTBO-
BaTh TAaKOBBIM [IJIS ITyCTOTO IIPOCTpaHCTBa. TakmM obpasoM, ¢ yueToM Tpebo-
BaHWV HaK/IaJbIBaeMbIX TPaHVYHBIMM YCIIOBUSIMM VI CIMMETPVIEVI CHCTEMBI,
yOoOHBIM OymeT IIpelCcTaBUTh IIOJIHYIO BOJIHOBYIO (DYHKLWIO B BUE Cile-
OYIOIIEV CyMMBI:

—k‘r R \

y/k,/(,;l(?)=c (k, %, i)e W)Zf | (10)

rme R

(7):

=nd . 3HaueHme KoaddurmenTta f, HaxomuTcs U3 ypasBHeHUN (6) 1

n

fn — Vn — eizcnr(' (11)

Hasiee, TIofcTaBUM IIOJTy4eHHYIO BOiHOBYIO dpyHkmmio (10) B crammo-

HapHOe ypaBHeHme lllpenyHrepa a1 0o0acTyt IIpocTpaHCTBa BHe Touek R, :

n

hZ
Hy =-———A ———Ck/c PLTN Y Ba—
v = Ay == —Clk,x, p) Z |
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()

¢ -KF-R,, —k‘r R,|
+ (Aeim) )Zeimm + 2vezy¢ vzezmm — =
i |r -R, |r -R,
2
= —%(—#2 +k*)y = Ey. (12)

Taxvm 00pa3zoM, MBI IIOIYUWIV CBSI3b MEXIy 3Heprvierl ¥ KBaHTOBBIMU
YVICIIAMUL:

—2mE

2o _
kKo —pu = %

(13)

INopcraBus BonmHOBYIO dyHKIM0O (10) B rpaHmMYHOe ycioBue (2) mis
aToMa M1, TIOJIyIVIM:
—k|m-n|a

Zeirma e 1Kmll (k+0!) =0. (14)

n#m |m—n|a

Ecsm BBectnt 4 =|m—n|, To cymmy B (14) MOXHO 11peoGpasoBath CiieIyro-

M oOpasoM:

7kqa

ZZ cos(/cqa) =k+a. (15)

VI3 m1oJIyueHHOT0 ypaBHEHMS MOXKHO IIOJTy9YUTh MHQOPMAIINIO O 30HHO
CTPYKType noTeHImaia (1).

3amaua paccessHUsL

11 pacueTa BEpOSITHOCTEN paccesiHus YIOOHO Oy/eT BOCIIOIb30BaAThCS
HopMupoBKovt BoirHoBou dyHKIMM (10) Ha egmHMIly notoka. Ilpm sToM B
3aBVICIMOCTVM OT 3HaKa BOJIHOBOI'O 4MCJIa kz IIOTOK MOXeT OBITh KaK II0JIO-

JKUTEJIbHBIM, TaK " OTpULIaTEJIbHBIM. BBG,HEM obo3HaueHM Y, N Y _ TaKnMm

00pa3oM, 94TO BEITIOJTHSIETCS

[[i.w, ds=+1, (16)
VYo

rme S — IDIOCKOCTB, IepIIeHAMKYJIIpHas OCK Z ; j, — OIlepaTop IOTOKa:

. h o o
' = 17
Jv = Zml[t// paldal e ://j (17)

ITopcranoska (10) B (16) ¢ yaetom (17) maet

oo

ZZSIH K(m—mn)a) x

n,m
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e—k\[p2+(z—ma)2 e—k\ p2+(z—na)2

\/p2+(z—ma)2 (p2+(z—mz)2)%

><(z—na)(k,/pz+(z—mz)2 +1)ds=ir1. (18)

W3 nonyuenHoro ycinosus (18) MOXXHO IOJIyUnTE BEIpakeHMe ISl HOp-

X

MMpoBaHHBIX KoaddpurimenTtos C |
P

Hasee, OymeMm paccMaTpuBaTh paccesiHve O1oxoBckmx pyuknmin ¥V, Ha
“«

IIPVIMECHOM aTOMe, PacIIOJIOKEeHHOM B Touke R, (p,,d,,z,), OrpaHNuMBasCh
111 IPOCTOTHI paccMoTpeHueM citydast u =0. Eciau monarats, 4To BOIHA
IIBUTaeTCs cJleBa HaIlpaBO U C HEKOTOPOW BEPOSITHOCTBIO YIIPYIO paccemBa-

eTCsd, HauuHas JBUraThCs CIIpaBa HajleBo, TO aH3all [l [l TaKOro ciydast
MOJKHO 3alvicaTh CIeAyIOmmM 00pa3om:

lP:Ail//a_i_ArWe—H//s’ (19)
e y, — pelieHue JIs CBA3HOIO SJIEKTPOHAa B IIOTEHIIMaJIe aToOMa IIpUMeCH:

~kF-Ry]

e

v =C. R (20)

_f{s

=!

3Hauenne koadpduumenta C, =k /27 HaxoguTcs M3 OOBIYHOIO yCIIO-

BVISI HOPMUPOBKM.
Cnenys npubmokenmio ITHP, mopcrasum (19) B rpaHmtaHOe ycitoBue mis
IIpyIMecH:

lim | ———=—(|7-R,|¥)-B|7-R_|¥ |=0, 21
lim 5|7—R5|(| ¥)-BI7-R| (21)

S

rge [ — BblpakaeT MOIIHOCTB IIOTeHIIMajla paccemBaTesIs.

B pesyspTare momyunm

efk‘Rsfﬁn‘
A~C4 e"”'“ —— +t
’ Z R -R,
eik‘R-s Rn‘
f __Ck-Cp=0. (22)

ixna
+AC De
n

IMomnarast A; =1 m yunreisas, uto C_, =C_, MOXHO IIOJIy4NUTh

o -1
C e W
Ar =—= k+ﬂ EZW’”T -, 23
C ( ) Z Rs _Rn‘ Ce ( )

P n
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3aksrroueHne

ITonydeHHBIT pe3ysIbTaT B JaJIbHEVIIIeM MOXKHO VICIIOIb30BaTh I pac-
veTa 3JIEKTPOHHBIX TPAHCIIOPTHBIX TaKOV CMCTEMBI C VICIIOJIb30BaHMEM KU-
HeTudecKov Teopun. Taxoke fJaIbHerilIee passuTHe Ioaxoza Oy ieT Harpas-
JIEHO Ha oImcaHue Oojiee CJIOXHBIX KOHMUIypauuil KBa3sMOLHOMEPHBIX
CTPYKTYP ¥ paccevBaTesIen.
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S.B. Leble, A. Yu. Chychkalo

HYSTERESIS LOOPS FOR A BULK FERROMAGNETIC
BY HEISENBERG MODEL

In a framework of Heisenberg theory, that link quantum-statistical des-
cription taking Gauss distribution into account, explicit form is obtained by
permutations group theory, the division paramagnetic/ferromagnetic is stu-
died. The magnetization curves are built for a given set of parameters, such as
exchange integral, number of closest neighbours and temperature. In a special
range of the parameters a transition from unique solution of the resulting Hei-
senberg equation to multi-valued is observed. For this case exemplary hyste-
resis loops are built. The expression for Curie temperature allows to evaluate
the exchange integral and proceed into temperature range above the critical
temperature.

B pamxax meopuu I'etisenbepea, cBasvibaroujens k6anmobo-cmamucmute-
cKkoe onucanue ¢ yuemom pacnpedesernus Iaycea, A6uaa gopma nosyuaemes ¢
noMoujbl0 meopuu epynn nepecmanobox, usyuaemcs napamasHunitoe / gep-
pomaerumuoe pasdeserue. Kpubvie HamaeHuueHHOCMU nocmpoens. 045 3a-
dannoeo Habopa napamempol, maxux kax obMeHHbLl UHIMeepal, yucio oau-
okaiuiux cocedell u memnepamypa. B cneyuasvuoil obaacmu napamenipo
Haba00aemcs nepexoo om eOUHCMBEHHO20 peuieHUs NoAY4eHHO20 YpaBHeHs
T'eiisenbepea K MHO203HAUHOMY. [l48 3M020 cAYHAR NOCIPOEHD. NPpUMEpPHbIE
nemau eucmepesuca. Buipaxenue 0sa memnepamypwv. Kwopu nosbossem
yuecms 0bMenHbII UHMepas U nepeimu 6 memnepamypHsil Ouanasox Goiuie
KpUMu4eckotl memnepamypbo.

Keywords: hysteresis loop, ferromagnetism, paramagnetism, Curie temperature,
Curie point, magnetisation curve, Curie — Weiss law, transcedental equation.

KitrroueBpsle cj10Ba: meT/is rucTepesica, heppoMarHeTsM, IapaMarHeTsM, TeM-
neparypa Kiopu, Touka Kiopu, kpusasg HamarHndmsanus, 3akoH Kriopu — Bericca,
TpaHCIeNeHTHOe YpaBHeHMe.

Introduction

The problem of theoretical description of magnetization takes the
significant place in modern studies, beginning from seminal results of Weiss
[2]. In the famous paper of Heisenberg [3] on ferromagnetism it was
established that the Weiss electric forces are originated from exchange effect
of quantum mechanics primarily introduced in textbooks” Heitler — London
results. This paper [3] contains also very deep results of general significance.
Multielectron terms theory was built using the very common symmetry: in
respect to group of electrons permutations. It has its extension based on joint
symmetry group of permutations and space symmetry group [9], where the
exchange integral notion is «lifted» up the Hartree — Fock equations level.
The permutation group theory allows to express energy via its irreducible
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representations characters [6] and, in same context, statistical distribution
function is constructed. Its derivative gives the internal parameter
(magnetisation M value conjugate to magnetic field H, that results in equa-
tion of state M(H) ).

The microscopic Heisenberg model goes to macroscopic Landau — Lif-
shits — Gilbert (LLG) equations as in [7]. For example, in the article of Rivas
[1] the ferromagnetic alloy CogFe,Mo,Si,(B,,is studied. They explore such
LLG-based model for hysteresis loop building with the help of LLG
differential equations of the second order. Experimentally, the alloy was
isothermally annealed: the following material was heated, then slowly
cooled, in order to change the structural organisation of molecules in it.
When the lattice (or other amorphous analog of it) changes, that changes the
distance between units (atom or molecule), the properties of a material
change too. The result is obtained at 530 degrees Celsium heating — there
were some agglomerates of only 1—6 particles surrounded by the amorp-
hous material. The group proceeded to the tests of its magnetic properties,
changing the angle of applied magnetic field and other characteristics.
Moreover, the bias of HL was detected.

In our paper we experienced two alike ways of graphical solutions of the
resulting transcendent Heisenberg equations for the paramagnetism and
ferromagnetism cases. It admits unique solution in the paramagnetism
range, that gives the magnetisation curve. In the ferromagnetism domain
few branches of solutions take place, that yields the loops.

Practically, notching the intersection points (IP) of functions into the so
called matrix of values, which depends on the changes of external magnetic
field strength and characteristics of the material. Connecting the extreme
values of the matrix in case of multiple intersection between the same
graphs, we managed either to build a hysteresis loop for a bulk ferromag-
netic, or to identify some special cases, such as double loops with the central
symmetry [10; 11].

In the last section we study a transition between para- and ferro-magne-
tics, parametrized by Curie temperature, that generalizes the Curie — Weiss
relation.

Para-magnetic materials. On theoretical base

The Heisenberg equations, derived in [3—5] result in a couple of explicit
functions, depending on M [9]:

Y= M, (1)
3
wo g M M
y: = tanh( 25, @
where
eh
= H, (©)

mk, T
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= kB_T ,

z — a number of closest neighbours; € — an electron charge; 7 — Plank

constant; m — an electron mass; kB — Boltzmann constant; T — temperatu-
re; ] — an exchange integral.

The values of the parameterse,m, 7 are quite definite, while the z,J,T

ones choice need some discussion. So, Heisenberg [3—5] estimates the

parameter | by the note, that the exchange energy should be about k;T,
giving the value ] ~10"erg . For such the value the parameter 4 is of order

of 1 for the room temperature.
The paramagnetic case domain in zf£ plane is fixed by the condition:

pa-y<. 5)

z

The magnetisation curve construction

To build the magnetisation curve the values of M for each « are requi-
red. We take them by the means of solving the system of equations (1) and
(2) graphically (Fig. 1). There is one intersection point between the line and
the curve for para-magnetic materials, for the choice of z, s, such that (5)

holds.

Fig. 1. The choice of parameters: #=1;z =10

The intersection points (IP) of a diagonal line with curves are the
solution of the system of equations (1) and (2). The curves correspond to ¢,
that is proportional to the magnetic field H,substitution from 0 value (the
lowest curve) to 3 (the highest curve). The value of & between the closest

curves differs in 0.1.
Next, the magnetization curve by the mentioned algorithm is built in

Figure 2.
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0 T T T 1
0 0.3 1 L3 0z

Fig. 2. Magnetisation curve for para-magnets looks typical [8]

The dependence of M on « in a range of « =0..2,shown for the same
parameter values f=1;z=10 as in Figure 1. With the increase of & value

the curve changes like a linear. The thickening of intersection points is
observed.

Ferromagnetic materials

In the case of ferromagnetic state the domain by (5) is above the curve

z(%) , whence the solution of the Eq. 2 is not unique. In order to find out
B

the values of joint points of (1) and (2) graphs, we should follow the bends of

hysteresis loop curves more accurately, using the alternative variant of

graphical solution of the following equivalent equations:
y, =arctan i(M), (6)

3
a+ﬁM—ﬂ2M+ﬂZ%
z

Y=

As it is observed in Figure 3 — the resultant loops, built by the means of
(6) and (7) system, are rather convex and curved, comparing with (1) and (2)
variant. The results of two different cases are presented in Figures 3—5.

Grey curves show the change of ¢ value in 0.25 one by one. The black
curve (6), unlike its possible alternative (1), gives the resultant thickening of
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intersection points in fracture areas of the function. There are cases of 5 in-
tersections of a single grey curve with the black — this is a critically needed
condition to obtain the loop, illustrated at Figure 4.

=

Fig. 3. The intersection points of (6) and (7) are carried
out for ¢ =-0.75..0.75; f =10;z=8

0%

Fig. 4. The hysteresis loop for common ferromagnetic materials. The values
for its compilation are obtained from Figure 3. The presence of 5 intersection points
(IP) described at Figure 3, gives the expansion of a loop at the approaching area
to abscissa axis

The further away from each other are the extreme points from the set of
5 IP (for a single grey tangensoid curve), the wider is the entire loop. The
medium IP are not pictured and are not taken into account here. Though,
medium IP are all inside the loop area.

The Heisenberg theory do not take into account domain walls presence
in explicit form. It uses the Gauss distribution of states per energy level with
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parameters expressed in terms of characters of the universal symmetry
group, the group of permutations. Few interesting properties however are
exhibited in some range of the parameters z and T, see again [10; 11].

15

Fig. 5. The double loop with the center symmetry of sub-loops

The represented graph is the Hysteresis loop in case of maximum 3 in-
tersections of (1) with the single curve (2) (a=-2.50.2.50;4=11;z=38).

There is no tangible difference if we take either ((6) and (7)) or ((1) and (2))
system for compilation. The vivid peculiarity is in 3 IP at once for a single
curve ((2) and (7)) with the auxiliary functions from appropriate for each
system of equations. The critical condition of double loop compilation: all
three IP must be found in the same quarter area. The curves have a central
symmetry for positive and negative « values, so the sub-loop at the third
quarter (—a) always repeats the sub-loop at the first (+a) if & value is the

same, having the difference only in its sign.

Towards the Curie law

To add, the Ferromagnetism existence is demonstrated via the set of fea-
tures, including the Curie law [8]. Its analog is derived at Heisenberg's pa-
per [3] as well. According to it, there exists the critical temperature for swit-
ching from paramagnetic into ferromagnetic properties appearance and vice
versa, by the boundary of the domain (5). It is marked as € at original text:

o-—2

= )
kB(l_ 1_2)

As well, the author emphasizes the similarity of the Curie Law with
modification to the Weiss theory. Thus, the critical point is taken from the
following conclusion, where M, T,z are mathematically connected.
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As a result of following the Heisenberg’s algorithm of transformations,
we have obtained the resembling formula (9). We use it for graphical
analysis and further substitutions of contingent constants, proceeding the
imitations of practical situations with real materials.

40T?

M= 9)

z(l—\/l—s)(T—H)(T(lJr\/l—8)—0(1—\/1—8))
z z z

Iron (Fe) was chosen as the primary sample of the corresponding section
of this article out of its lattice structure. The approximation formula got
vastly simplified (10) throughout the graphing procedure, because of the
number of closest neighbours, which is 8 in our graphical imitation.

aT?

T T
0 02 04 M 06 08 1

Fig. 6. The IP-printing for building (A) from Figure 7 with the usage
of (1) and (2) system of equations. The horizontal axis shows the designation
of magnetisation recession (z =8; ¢ =0.1; 8 =1043[K]; T =1143..1903[K])

T T T T T T
1200 1300 1400 T 1500 1600 1700

Fig. 7. The dependence of magnetisation on temperature (for Iron), where 7' > 6.
The comparison of two methods is graphed
(z=8,0=0.1;6 =1043[K]; T =1143..1703[K])
(A) — the solutions of the equation system (1) and (2); (B) — the result plotted by (10)
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Conclusions

We have built the magnetisation curves for paramagnetic and ferromag-
netic ranges for temperatures below and above Curie temperature, approp-
riate for chosen material. We would note that microscopic Heisenberg model
has its continuous analog, named Landau — Lifshits — Gilbert equations. It
could be used in making description of domain walls dynamics [12] and
hysteresis phenomenon as well [1].

References

1. Martinez-Garzia J. C., Rivas M, Garcia J.A. Induced ferro-ferromagnetic exchan-
ge bias in nanocrystalline systems // Journal of magnetism and magnetic materials.
2015. Vol. 377. P. 424 —229.

2. Weiss P. Molecular field and ferromagnetic property // Journ. de phys. 1907.
Vol. (4) 6. P. 661.

3. Heisenberg W. Zur Theorie des Ferromagnetismus // Zs. Phys. 1928. Vol. 49.
P. 619 —636.

4. Heisenberg W. Zur Quantentheorie des Ferromagnetismus // Probleme der
Modernen Physik, A. Sommerfeld Festschrift. Leipzig, 1928. P. 114 —122.

5. Heisenberg W. Zur Theorie des Magnetpstriktin und der Magnetisierungkurve //
Zs. Phys. 1931. Vol. 69. P. 287 —297.

6. Heitler W. Stdorungsenergie und Austausch beim Mehrkdorperproblem // Zs.
Phys. 1927. Vol. 46. P. 47.

7. Lakshmanan M. The fascinating world of the Landau — Lifshitz — Gilbert equa-
tion: an overview // Phil. Trans. R. Soc. A. 2011. Vol. 369. P. 1280 —1300.

8. Kittel C. Introduction to Solid State Physics. Wiley, 2004.

9. Leble S. Heisenberg chain equations in terms of Fockian covariance with elect-
ric field account and multiferroics in nanoscale // Nanosystems: physics, chemistry,
mathematics. 2019. Vol. 10 (1). P. 18—-30.

10. Hirsch A. Double hysteresis loops in ferromagnetic crystals // J. Phys. Ra-
dium. 1959. Vol. 20 (2—3). P. 262 —263.

11. Brandio |., Dugato D.A., Seeger R.L. et al. Observation of magnetic skyrmions in
unpatterned symmetric multilayers at room temperature and zero magnetic field //
Sci Rep. 2009. Vol. 9. 4144. doi:10.1038 /s41598-019-40705-4.

12. Leble S. Waveguide Propagation of Nonlinear Waves. Impact of Inhomoge-
neity and Accompanying Effects. Springer, 2019.

The authors

Prof. Sergey B. Leble, Inmanuel Kant Baltic Federal University, Russia.
E-mail: lebleu@mail.ru

Anastasiia Yu. Chychkalo, Master’s Student, Immanuel Kant Baltic Federal Uni-
versity, Russia.
E-mail: nanacappella23@gmail.com

O06 aBTOpax

Ceprent bopucosua JleGe — m-p dwus.-maT. Hayk, mpod., bamrurickvmn dere-
pasibHbI yHuBepcuTeT uM. V. Kanra, Poccrst.
E-mail: lebleu@mail.ru

Amnacracus IOppepHa Unakano — MarvicrpaHT, Barmuvickuin demepabHBIN YHV-
BepcureT mM. V1. Kanra, Poccns.
E-mail: nanacappella23@gmail.com



VIIK 534.2

L. S. Vereshchagina, S. D. Vereshchagin

ON THE PROBLEM OF EVALUATING THE ACCURACY
OF DIAGNOSTICS OF WAVE DISTURBANCES CARRIED OUT USING
THE TECHNIQUE OF PROJECTION OPERATORS

In this note we study the problem of a function reconstruction in a con-
text of a Laplace method application. We use a unitary space of splines with a
double dimension of one, that approximate the set of points, representing the
results of observation. The conventional scalar product allows to project the
approximation onto the subspace of observations. The use of the same scalar
product yields the norm that we use to estimate error deviations within the
model under consideration. Its minimum defines both a function reconstruc-
tion and its error, which also include the measurements errors. The results we
apply to the problems of reconstruction of initial or boundary conditions for
1D wave equation, that imply the procedure of directed waves division.

Wsyuaemcs npobaema Boccmarobrenus pynxyuu 6 KoHmexcme npume-
Henus memooa Jlanaaca. Mot ucnoavsyem yHumapHoe npocmpancmbo cnaaii-
HO8 ¢ yoBoenuem koauuecmba, komopoe annpoxcuMupyem MHoxecmso mo-
ek, npedcmaBasiowux pesysvmamsi HabawoeHus. ObbiuHOe CKaAAPHOE Npo-
usbBedenue nosboasem npoeyupobams npubiuxeHue Ha NOONPocHpaHcmbo
Habao0enutl. Vcnoavsobanue moeo e ckaispHozo npousbederus oaem Hop-
MY, KOMOPYIO Mbl UCTIOAb3YEeM 045 OUEHKY OMKAOHEHUT 0uiubox 6 paccmam-
pubaemoii modeau. Eeo munumym onpedessem kax Boccmanobaenue gyrk-
yuu, max u ee owubky, xomopas maxxe Gxatouaem ouinbku usmepenut. Ilo-
AYHeHHble Pe3yAbIaAmb. NPUMeHUMbL K 3a0auam 6occmanobAeHus HAYAAbHBIX
UAU 2PAHUMHBIX Yca0Bull 045 00HOMepHO20 BoaH0B020 Ypabrenus, npednoaa-
eanuux npoyedypy pasoelenus Hanpabiennblx 6oaH.

Keywords: atmosphere, diagnostics of disturbances, projection operators, math
modeling.

KiroueBsblie cj10Ba: aTMocQ)epa, AOVarHOCTUKa BO3MyIJ_[eHT/H7[, OoIepaTophbl IIPOEK-
TUPOBaHN:, MaTeMaT4eCcKoe MoJleJIMpoBaHMe.

Introduction

The problem we touch relates to sampling theory and interpolation, with
some focus on the Shannon — Niquist — Kotelnikov theorem [1; 2]. We do
restrict ourselves by practical aims, having in mind estimations of interme-
diate ordinates between observed values of a function that represent wave
phenomena [3; 4]. The second paper [4] use the Fourier basis and state, that
for unambiguous restoration of a continuous signal from its samples need to
double the sampling rate maximum frequency in the signal spectrum. The
procedure we propose consumes the Laplace — Legendre ideas about min-
imization of a functional space distance between the continuous function
representation by 2n-dim-splines and n-dim splines that mimic observa-

© Vereshchagina I.S., Vereshchagin S.D., 2020
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tions. The procedure implies a definition of projection the 2n-dim space onto
the n-dim space that fix intermediate ordinates of the wave function under
consideration. The minimization gives simple system of equations, that con-
tain 2nxn matrix A, hence the problem is classical ill-posed one. Its simplest
regularization is given by A4, that determines quasi-solution of the prob-
lem [5]. Its minimum also defines both a function reconstruction and its er-
ror, which also includes the measurements errors. The results we apply to
the problems of reconstruction of initial or boundary conditions for 1D wave
equation, that imply the procedure of directed waves division within the
dynamic projecting method [6].

Dynamic projection operator method

The main idea of the method of projection operators is to divide the solu-
tion space into subspaces of solutions corresponding to various branches of
the dispersion relation [7]. To do this, it is necessary to present the original
problem in matrix form

v, =Ly
. . Vv
with the evolution operator L and a state i of a system ¥ = ( J .
p

The Fourier transformation V(x)=L .[ V(k)e™ dk may be written as

2w
the matrix substitution ¥ =Fy and describes transition to k-representation

of the evolution operator L :
y, =F"'LFy=Ly.

The matrix eigenvalue problem L ¢=21¢ introduces subspaces, which

we would represent by the matrix of solutions W, so that L ¥ =WA, where
A=diag {4,,4,} — diagonal matrix. If 4, # 4, (eigenvalues) the inverse ma-

trix existsand L = YAY ™" .
Spectral decomposition of the matrix L

L;= '//z‘kAkll//Ij& = '//ikﬂ’k'//kjil = Zﬂky/ikl//k[l = zﬂk (B )ij :
T *

The projection operator can be also found using the relations and prop-

erties of the projection operators P; w =, , w; — eigenvectors of the evo-

lution matrix L . Properties of the projection operator:

- -2 . -
P:*P; =0, P:i =P;, Z.Pi=l.
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The spectral decomposition of the matrix [6] allows to find the projection
operator through the direct product

Pi=y,® g,

v, — i-th column; l//[1 — i-th row of inverse Fourier transform of W.

Diagnostics of wave disturbances

One-dimensional adiabatic acoustic wave propagation for the ideal gas
can be represented as solution of the system

Vt_cpx :O’
pf_CV‘c :0‘

The initial conditions
p(x,0)=9,(x), V(x,0)=0,(x),

define the Cauchy problem.
The evolutionary equation has the form y, =Ly, where

v 01 0
Y=| |, L=cD ,D=—.
p 10 Ox
Projection operators of one-dimensional adiabatic acoustic wave propa-

. . 1(1 =1
gation for the ideal gas looks as P, = — .
2(£1 1

The general solution is determined by the relation (P, + P )y =1.
Acting as a design operator, we select a unidirectional wave

() oo

+

For a one-dimensional adiabatic acoustic problem, this allows us to de-
termine the coupling equations and evolution equations for unidirectional

waves

(p+o); y.= %(P—U)?

N | =

l//+ =
(p,) +cly.) =0,
(W), —c(y)=0.

Evaluation the accuracy of diagnostics of wave disturbances

Let we have some set of datapoints y; = y(x =x;) defined in the points
x=x, €[0,1],i =0.n . They can, for example, be result of application of some

projection operators to data in some diagnostic problem, but in fact their
origin does not really matter. Its spline representation is constructed as
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N 1 i+1
l,xe|—,—

¢= 2771 si(x)eS", where si(x)= n n
0, other wise

The scalar productin S is defined as

1

(¢.4,)=[#(x)¢ (x)dx

0

Next, we search the solution of the problem in the space S*" via splines

2n
46 y=>¢s (x)es™,
i=1
where its projection to the S” is defined by the relation

fi + §i+1
4

ST

hence

Z§+§z+l Esn’

whence its components are calculated via the scalar product

(Sl/l//+j=l//l+'

Let’s first apply proposed method to the simplest possible case where
we have two points with values A and B separated by the distance & on
the OX axis (i.e. their x — coordinates are x, and x, +/).

We will use piecewise-constant approximation for our function. To do it
we can introduce new point situated at the midpoint between our initial
points with value

A+B
5

In a case we have some background information about our function
method, it can be modified by using another value for C but here we do not
have it and half-point should work good enough.

Now we will try to construct another approximation of our function.
Simplest is two-point piecewise-constant, where function has one value, let’s
call it X, for the first half of our interval and the second value, Y, on the
second half.

Now we will try to find X and Y in such a way as to minimize a norm

C:

I x0+ll X(J*% Xo+
E:jS(A X) dx+j2c X) dx+ jsc Y) dx+ th Y) dx.
%o X +* Xo +7 Xy +%

3 2 3
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Since they are independent we can separately solve this for X and Y
We'll get

5A+B _ A+5B

X= , Y=
6 6

7

then minimal possible value of norm is

(A—B)Qh.

Nmin =
18

Now if we have a set of datapoints we can apply this formula at each in-

terval (x,,x,,,) independently. That means that, assuming all intervals have 47

the same length &, that global error over all datapoints take the form

=S () = S () = e S wa ) ()
- 18 y y1+1 - 8 par yi+1 - 18N P yi yi+1 4

i=0

where L =x, —x, — distance between first and last points of our set.

If we assume that the modulus of the derivative is always less than some
constant Z then when # is small

T NZ L Nz e Lt 7
TN & Vi Y] SN 4 N 18N 77

so at least this method pass sanity check — error goes down with increase of
number of data points.

Let's look how does it work on simplest example — string equation.
Equation of string have the form

O’U(x,t) ,0U(x,t)
2 =c .
ot ox

We can rewrite this equation as a system of two first order ordinary dif-

ou(x,t)

ferential equations over U(x,t) and V(x,t)= . In this case it is triv-

ial to obtain projection operators (for procedure look for example [6])

1(1 =#1
P == .
o210+ 1

The general solution in this case take form of sum of left-and right-

running waves:
u F, E
F= = + ,
1% F, -F

where F, and F are arbitrary functions. These projection operators does in-

deed separate our functions into two waves with different directions. While
we act in the space of symbolical functions this result is exact.
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Now let us choose for example F, =F, and fix the point of «measure-
ment» x =X, . Then we can generate a series of N datapoints taking values of

one of our waves in the points t=i-h, where i=1..N is the number of

L
point, h = N is the step between points and L is the length of the time inter-

)

Then we can try to restore continuous function by pulling splines over
datapoints and then we can calculate of error of this restoration according to
formula (1).

val we are interested in.

B (ki
F, [n] 2[1:0 (Kh

If we choose F, = exp(—(x—c t-5)’ ) and x, =5 then depending on the

number of points we take our error is presented on the graphics (Fig. 1) (ho-
rizontal axis is the common logarithm of number of points):

0.10-
0.08-
£ 0.06-

004

1 2 3 4 5
J'g[ _\l._:l

Fig. 1. Error as function of number of points for Gaussian

If our function is not as smooth as Gaussian then error, predictably, is a
log Dbigger. For example if we choose fast oscillating function

E = exp(—(x—c -t—5)2)~cos(30t) we ‘1l get (Fig. 2).
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Fig. 2. Error as function of number of points for fast oscillating function

Of course, because of Shannon — Niquist — Kotelnikov theorem we
can’t really use the part of this graphics which is to the left of Ig(N)=2. As

can be seen the error does indeed goes to zero when the number of points
grow. If we can choose N, for example when we are deciding on the parame-
ters of the numerical model, this method, following the general idea of the
Runge’s rule, can be one of deciding factor in choosing model’s number of
points. If it is applied to the experimental data, where number of points is
generally fixed, it can be used to determine an error of reconstruction of con-
tinuous function.
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A. I Ivanov, A. A. Shpilevoi, A. A. Kulagina

THE INFLUENCE OF IMPLANTATION ON THE BRIGHTNESS
OF NITROGEN-VACANCY CENTERS

We investigate the properties of spin states in the electronic ground state
of a single nitrogen-vacancy center (NV-) in 13C-enriched diamond. The anal-
ysis is based on application of a method that uses a complete set of commuting
operators (CSCO). Each state is characterized by a single set of values of
CSCO. The properties of the spin states change at the level anti-crossing
(LAC). This change leads to an increase in the spin-lattice relaxation rate and
to a change in the ODMR spectrum. The LAC can occur during implantation
and thus influence the observed yield of NV- centers of a certain type. We as-
sume that during cascade transitions between the states of some NV- centers
obtained by implantation, an intense 13C NMR signal can be observed. It is
important to note that optical pumping of such NV- centers can be carried out
in an arbitrary magnetic field.

UccaedoBanpr cBoticmba cnunobbix cocmoanuii 8 34eKmpoHHOM 0CHOB-
HOM COCTOAHUY e0uHoe0 azomHo-Baxancuonnoeo yenmpa (NV-) 6 aimase,
oboeaujentom B3C. Anarus ocHoBan Ha NpuMeHeHul Memood, Komopulil uc-
noAv3yem noamviil Habop xommymupyrouux onepamopod (CSCO). Kaxooe
cocmosHue xapaxmepusyemcs 00HuM Habopom snauernuii CSCO. Cboticmba
cnuHoBuix cocmoanuil usMensomcea Ha ypobre nepecewernus ypobusa (LAC).
Dmo usmenenue npubooum k ybesuuenuro cKopocmu CHUH-peUernouHotl pe-
aaxcayuu u usmerenuto cnexmpa ODMR. LAC moxem BosHuxams 60 Bpems
uMmnAGHmayuy U, maxkum obpasom, bauams Ha Habawooaemuiti Bvixod NV-
yenmpol onpedesenroeo muna. Mol npednosaeaem, umo npu KaAcKAOHbLX He-
pexodax mexoy cocmosHuamu Hexomopuix NV-yenmpol, nosyueHHuX UM-
naanmayuei, Moxem Haba0amvcs unmercubnoitl cuenar 13C JIMP. Baxno
ommemums, 4mo onmuueckas naxauxa makux NV-yenmpo8 moxem ocy-
wecmBasmocs 6 npou3BoAbHOM MAZHUTITHOM 1104e

Keywords: diamond, implantation, level anti-crossing.
KitroueBsble c10Ba: ajiMas, MMIUIAHTALIVS, aHTUIIEPEXOJT, Y POBHSL.

The controlled creation of single centers in solid state systems is an im-
portant step in the development of quantum devices. In particular, the nega-
tively charged nitrogen-vacancy (NV-) center in diamond has been consid-
ered as a suitable candidate for quantum information processing and mag-
netometry [1; 2]. The NV- center is an atom-like impurity in diamond crys-
tal. The optical transitions of the NV- allow a high degree of spin polariza-
tion at room temperature via optical pumping. The electronic spin of the
NV- centers is polarized into the ground-state magnetic sublevel m¢=0 un-
der optical illumination and measured using optical detection techniques [3].

Typically, NV- centers in diamond are mainly created by N* ion implan-
tation or by nitrogen-doping during CVD growth [4]. Many factors may in-
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fluence the probability of obtaining optically observable NV- color centers.
Amongst these factors there are proximity to the surface, the implantation
and annealing temperature. In this article, we will consider an additional
factor: the level anti-crossing (LAC). LAC may arise during implantation
and may affect the output of NV- centers. The NV- center has a ground state
triplet I£1> and 10>. In a magnetic field B along the N-V axis at B~1024 G
there are a ground state level anti-crossing (GSLAC) between ms=-1 and
ms=0 [5]. However, in the presence of magnetic field the NV- experiences a
complex LAC, due to hyperfine interaction of the NV- electron spin with
other spins. The properties of the spin states change at the LAC. This change
leads to an increase in the spin-lattice relaxation rate and to a change in the
ODMR spectrum. The LAC can occur during implantation and, thus, affect
the observed output of certain types of NV- centers. We hope that this factor
can have a significant impact on the improvement of the observation meth-
ods of NV-centers and the expansion of their application.

The basis of the presented approach of NV- LAC investigation is the cal-
culation of NV- energy levels in magnetic field. To find an eigenvalues for a
NV- spin Hamiltonian, it is necessary to choose the spin basis functions.
Usually, simple products of one-particle spin functions are used as approx-
imations for a many-particle basis functions. To obtain eigenvectors and ei-
genvalues of the spin Hamiltonian we introduce a method based on a com-
plete set of commuting operators (CSCO). This method is well known in
quantum mechanics for a long time, but has never been implemented in spec-
troscopy up until recently [6—8]. The Hamiltonian in the presented approach
is considered either a CSCO operator, or a function of CSCO. Most of eigen-
vectors are qualified as entangled spin states. In our approach, energy levels
can be found by solving a series of equations of a lesser degree than those that
need to be solved when the Hamiltonian is diagonalized using numerical
methods. It is also possible to obtain analytical expressions for certain energy
levels. The properties of spin states are uniquely determined by CSCO and
each spin eigenvector is determined by a unique set of CSCO values.

The NV- center in diamond consists of a nitrogen atom, which substi-
tutes for a carbon atom, and a lattice vacancy. Its ground state is triplet state
(5=1) with an spin quantization axis provided by the NV- center axis of
symmetry. We consider a single NV- center with three of *C atoms in the
first shell. The spin of 3C nucleus is I=1/2. The hyperfine coupling of near-
est neighbor carbons is around 130 MHz [8]. Hyperfine coupling of the elec-
tron spin to “N at the NV~ center around 3 MHz. The ground-state spin
Hamiltonian of NV- center in the presence of magnetic field B reads as (in
frequency units):

. ~2 ~ . A~ A A a .
H=D(52—52/3j—7/€SzBZ+AJ_(SxIx+SyI]/)+A|SzIz—}/nIzBZ, (1)

where $ is electron spin operator, I is spin operator of 13C nucleus (i=1, 2,

I=li+I.+Is, D=~2870 MHz is the fine structure splitting,

3),
A, =-121MHz and A =166 MHz are the axial and non-axial magnetic hy-
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perfine parameters, z-axis aligns with electronic spin quantization axis, y, is
the electron gyromagnetic ratio and y, =10.706kHz /mT is the nuclear gy-

romagnetic ratio of 13C.
To calculate the energy spectrum for the Hamiltonian we first determine

the total spin operator:

J=S+1.

The operators
e e =2 .
PoL IR ,S LI
form a complete set of commuting operators. Note that the Hamiltonian (1)
does not commute with the operator J2. The operators

L2 22 =2 =2

H,J.,15,1%,8 1,151

also form a complete set of commuting operators (CSCO). The properties of
the eigenvectors of this set are uniquely determined by CSCO and every
spin eigenvector is determined by the unique value set of CSCO:

E, M, L, L 5 I, I, 13>. Since for all of these states S=1,

I, =1, =1, =1/2, then the equation for the eigenvalues and eigenvectors of
the Hamiltonian (1) can be written as

H|E,,,Mj,1u,1):En

E,M,I,,I), )

where the index n is introduced in order to distinguish the states with dif-
ferent values of energy E. Having solved equation (2), we found all energy
levels and the corresponding eigenvectors of the NV- center in a magnetic
field.

Thus, all the energy levels of the NV- center in a magnetic field were cal-
culated. Radiation transitions between these states are subject to selection

rule AM]- =+1.

Figure 1 shows a comparison between theoretical (vertical) and experi-
mental [9; 10] NV- ODMR spectra.
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Fig. 1. Theoretical (vertical lines) and experimental [9; 10] NV- ODMR spectra
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The ODMR spectrum consists of four irregularly shaped overlapping
peaks with a substructure of features observed on the two central peaks.
These features are due to the LAC. Indeed, the energy levels are pairwise

equal (Ey 1) = Ejssy Eis06) = Eiyusy ) and we have the special case of the LAC,

which is not removed by magnetic field. Therefore, in the states
By 1/2,1,1/2), Evn1/2,0,1), Epug1/2,1,1/ 2>,

|E17(18),—1 /2,0, 1> the observed I;2 and I are not a functions of the observed E

[11]. This means that if the observed E has the definite value (E,; ;) =E;3,
E\56) = Eiis) ) then in these states observed Ii» and I do not have automati-

cally definite values. The uncertainty of the values of 11> and I leads to an
increase in the relaxation rate of these states. Taking into account intersys-
tem crossing, we can assume that these states do not contribute to photolu-
minescence, and their microwave excitation will lead to a substructure in the
ODMR spectrum.

Let A =0, then the Hamiltonian (1) takes the form

. ) - . PN .
H:D(Sz—52/3]—7gSsz+AlSzIz—ansz. 3)

The operators

-2

1.,S.,1%,1%,8 ,I>,I2,I?
also form a CSCO and eigenvectors are | M;, m_, 1,,, I) . Hamiltonian (3)

commute with this set. Moreover, the Hamiltonian (3) is a function of this
operator set. The energy levels and the corresponding eigenvectors of the
NV- center in a magnetic field are listed in the Supplementary materials. In
particular, when A, =0, we get

E,=-2D/3-3y,B, /2, E,=—2D/3+3y,B, /2, 4)
E,=E,=E,=-2D/3-y,B./2, ©®)
E,=Eg=E,=-2D/3+y,B. /2. (6)

When the equalities (4 —6) are satisfied, the spin states

|E.,3/2,1,3/2,) |E,-3/2,1,3/2,),

E, 1/2,1,1/2),

E,,1/2,0,1/2),

Ey,1/2,1,3/2), (7)

|Ey,-1/2,1,1/2),

Ey,-1/2,0,1/2),

Ey,-1/2,1,3/2)



A.L Ivanov, A.A. Shpilevoi, A.A. Kulagina

W

change and take the following form:

|E;,3/2,1,3/2)—[3/2,0,1,3/2) = a,a,2,0),

[Ew,-3/2,1,3/2)—]-3/2,0,1,3/2)=B,,510),

1
E,,1/2,1,1/2)-[1/2,0,1,1/2) =%(2a1a2ﬁ3 —a, By - fra,a;)[0>,

1
1514,1/2,0,1/2)—>|1/2,0,0,1/2)=E(011ﬂ2 - Biay)a;|0>,

1
Ey,1/2,1,3/2)—>[1/2,0,1,3/2)=—=(a,a, 8, + &, frory + Bie,a;)[0 >, (8)

@

1

Eler_1/2/1r1/2> - |—1/2,0,1,1/2> = NG (28, P05 — B, s _ﬁ1a2ﬁ3)|0 >y

1

2

Ey,-1/2,0,1/2)—>[-1/2,0,0,1/2)=—=(a, 5, - fa,)3,|0>,

E,,-1/ 2/1/3/2> - |_1 /2,0,1,3/ 2> = %(Oﬁﬂzﬁs + B, B+ B e, )|0 >,

where |0) is eigenvector of operator S., &, and f. are eigenvectors of oper-
1 1

ator I with eigenvalues 1/2 and -1/2, respectively. The states (8) are spin-
polarized states of 13C nuclei and electron spin. The electron spin in these
states is not entangled with nuclear spins. Moreover, since in the states (8)
the quantum number m; is a good quantum number (ms=0), then under op-
tical pumping these states are effectively populated. It is seen from equalities
(5) that LAC takes place for the states |1/2,0,1,1/2), |1/ 2,0,0,1/2) and
|1/2,0,1,3/2). Therefore, in these states, the observed I1; and I are not a func-
tions of the observed E [11]. This means that if the observed E has the defi-
nite value (E=-2D/3-y,B, /2), then in these states observed I;» and I do

not have automatically definite values. The uncertainty of the values of I;»
and I leads to an increase in the relaxation rate of these states. Taking into
account intersystem crossing, we can assume that these states do not con-
tribute to photoluminescence. A similar conclusion holds for the states
|-1/2,0,1,1/ 2), |-1/2,0,0,1/ 2) and |-1/2,0,1,3/2) at E=-2D/3 +ynB./2.
Thus, for the ODMR spectrum of such an NV center, two peaks are char-
acteristic: one peak is due to transitions to the state |3/2,0,1,3/2) with ener-
gy Es=-2D/3-3yn B,/2, the other peak is due to transitions to the state
|-3/2,0,1,3/2) with energy Eio=-2D/3+3yn B,/2. The energy levels (4—06)
do not depend on the parameter A || of the hyperfine interaction and, there-
fore, in a weak magnetic field difference between peaks is small. For exam-
ple, in the Earth's magnetic field this difference <1.5 kHz . Thus, the ODMR
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spectrum of such an NV- center in a weak magnetic field coincides with the
ODMR spectrum of a single NV- center that does not interact with neighbor-
ring spins.

We assume that during cascade transitions between states (7) one can
observe an intense 13C NMR signal. It is important to note that in this NMR
experiment, unlike [12; 13], the optical pumping of NV- centers can be car-
ried out in an arbitrary magnetic field.

We note that parameter A, represent an isotropic contribution to the en-

ergy. This contribution has small value for the implantation, since the ion
beam has strong anisotropy. This conclusion is consistent with the results of
ref. [4]. Indeed, in [4], a diamond layer of nanometer thickness with 13C car-
bon atoms on two substrates, called samples I and II, was manufactured by
chemical vapour deposition (CVD). In sample I the 3C layer was additional-
ly doped with nitrogen and sample II was implanted with nitrogen ions, in
order to create NV- centers in the vicinity of the 13C layer. Three implanta-
tion energies were used — 5, 2.5 and 1 keV. ODMR spectra of over 483 NV-
centers (sample I) and 584 NV- centers (sample II) at zero magnetic field
showed strong coupling of the NV-s to 13C. The spectra were divided into
four groups, distinguished by the number of 3C next to the vacancy: NVs
(A) lacking a first-shell 3C spin, (B) interacting with a single first-shell 3C
spin, (C) interacting with two first-shell 13C spins and (D) interacting with
three first-shell 13C spins. It were obtained the probability pa, ps, pc, pp of
finding an NV- center of group A, B, C, D (see Table).

Probability of finding the four groups of NV-centers in samples I and II
(from ref. [4])

N Sample II
Probability in % | Sample I Fompi=5 keV Fompt = 12).5 eV Fomp = TkeV
pa 73.4 88.1 84.5 88.5
ps 13.7 11.9 14.6 11.5
pc 7.2 0 1.0 0
pp 5.7 0 0 0

From the results presented in Table I, it can be seen that the probability
pp for sample 1I is zero. Therefore, it is natural to assume that the NV- cen-
ters of group D are not formed in sample II, obtained by implantation. How-
ever, based on our results, it can also be assumed that the implantation of
nitrogen ions also leads to the formation of NV- centers of group D, but their
ODMR spectra coincide with ODMR spectra of group A in a weak magnetic
field.

From the results presented in Table I, it can also be seen that the output
of type A NV- centers increases with implantation. This is an indirect con-
firmation of the validity of our assumption. In order to detect the NV- cen-
ters of group D obtained by implantation, it is necessary to change the ex-
perimental conditions.

We investigated the properties of the spin states in single diamond NV-
center in the electronic ground state. The used approach is based on the us-
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ing a complete set of commuting operators (CSCO). Each state is characteri-
zed by a single set of values of CSCO. The uniqueness of this set of values is
sometimes violated. In this case the energy levels are pairwise equal and can
be considered a special case of a LAC. The properties of the spin states chan-
ge at the LAC. This change leads to an increase in the spin-lattice relaxation
rate and to a change in the ODMR spectrum. The LAC can occur during im-
plantation and thus influence the observed yield of NV- centers of a certain
type. We assume that during cascade transitions between the states of some
NV- centers obtained by implantation, an intense 3C NMR signal can be ob-
served. It is important to note that optical pumping of such NV- centers can
be carried out in an arbitrary magnetic field.
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A.B. IOpo8, A. A. IOpoBa, B. A. IOpo8

KOTIA OXXVIATb HEOXKVJAHHBIX CUHTYJISIPHOCTEN:
AHTPOITHBIVI [TIPMHIIVMII VI TEMHASI DHEPTVSI BCEJIEHHOM

Anmponmoe o00bsiCHeHUe MAAOCTY HADAI00AEMOTL BeAUHUHbL TeMHOU
IHepeu nodpasymeBaen HaAUUUe NEPEMEHHOT KOMIOHEHNIbI, KOMNEHCUPYIo-
weil Beaununy Baxyymuotl snepeuu. Coesacro I'appuea u Busenxuny, sma
KOMNOHEHMA 00/KHA MEOAEHHO YMEHbUANbCSA, NpUBo0s K CMeHe pexcuma yyc-
KOpeHH020 pacuiuperus Ha (hasy KoAAaNca, Ho He panbvuie ueM uepes mpu-
auon aem. O0Hako ybviBaroujee ckasspHoe noae Moxen npubooums K HeoxKu-
OaHHbIM CUHYASAPHOCIAM NPU KOHEHHOM 3HAYEHUY MacuimabHoeo gakmopa.
Mot anasusupyem smy cumyayuto Ha npumepe SFS u noayuaem Heoxuoau-
Hblll pesyavmanm: Bpema noabaenus makux ocobeHHocmen — 1020 xe NOpAo-
Ka, umo u 6pemsa xusHu Habaw0aeMoll BceseHHO.

The anthropic explanation of the smallness of the observed amount of
dark energy implies the presence of a variable component compensating for the
magnitude of the vacuum energy. According to Garriga and Vilenkin, this
component should decrease slowly, leading to a change in the accelerated ex-
pansion regime to the collapse phase, but not earlier than in a trillion years.
However, a decreasing scalar field can lead to unexpected singularities with a
finite value of the scale factor. We analyze this situation using the example of
SFS and get an unexpected result: the time of appearance of such features of
the same order as the lifetime of the observed universe.

Knrouessle cs10Ba: TeMHas 3Heprusl, CKajIsipHbIe MOJIs, CUHIYJISPHOCTD, aHTPOII-
HBIVI IIPVIHIINAIL.

Keywords: dark energy, scalar fields, singularity, anthropic principle.

BBenenue

B yxe craBmIer Ki1accudeckort pabote [1] mpemoxeHO aHTpPOIIHOe pe-
IIeHMe IBYX 3araJloK «KOCMOJIOTMYECKOV ITOCTOSIHHOVI»: €e MaJIOCT! U time
coincidence. OcHOBHas 1/Iesl 3aKJIFOYAETCS B PaCCMOTPEHMM INIOTHOCTY TEM-
HOVI SHepIrum p, Kak ciIydaltHoV IlepeMeHHON. TouHee, ITIOTHOCTD 3aIIVChI-
BaeTCsd B BUJIEe CYMMBI IBYX CJIaraeMbIX, INIOTHOCTV BaKyyMHOVI SHepIui, KO-
TOpasi ABJISETCS KOHCTAHTOM M MOXeT OBITh KaK ITOJIOXXWTEIbHOV, TaK M OT-
puvLaTeIbHOV, V1 IDIOTHOCTY JMHAMWYecKOVI KOMIIOHEHTBI TeMHOVI SHepPIUL.
Ecriv 5TV KOMIIOHEHTHI HpUOJIM3UTEIFHO OHOTO IIOpsiIKa I10 MOLYIIIO U
IIPOTVMBOIIOIIOXKHOIO 3HaKa (CKakeM, BaKyyMHasi KOMIIOHeHTa oTBedaeT AdS
BaKyyMy B COOTBETCTBUV C TeOpMeVl CTPYH), TO BeIMIMHA O, MOXeT OKa-
3aThCsl MHOTO MEHBIIe MOYJIA KaKIOV M3 KOMIIOHEHT, YTO C YYeTOM aHT-
POIHOro orpaHMYeHNs pellaeT 3arafgKy MaJIOCT/ TeMHOV SHepIUL.

Kpome Toro, aBTopam [1] ymasock 371eTaHTHO peImTh BTOPYIO 3arafKy
(KOoCMMUeCKIIX COBIIaZeHMM) W CHOelaTh ellle psf TeCTUPYeMBIX IIpelcKasa-
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gy, Cpeay HMUX HaxoauTca Hanborlee CJIIOXKHO TeCTVPyeMoe, HO V1 OJHOBpe-
MEeHHO caMoe MHTepecHOe IIpeficKa3aHye: HaOmromaeMas HaMy 4JacTb Bce-
JIEHHOVI IOJDKHA B OyAyIlleM IlepemTu K CTamuu CKaTus (IIpaBia, He paHee
yeM uepe3 TPWUIMOH JIeT YCKOPEHHOIO pacIIVpeHNs). DTO 3KCTpeMasIbHO
HeOXMIaHHOe 3aKJII0YeHNe c/iejlaHO CIeAyIOmMM o0pa3oM: IIpeAIiosaraeT-
csl, UTO AMHaMM4YecKas KOMIIOHeHTa accollUMMpoBaHa C HEKOTOPBIM CKaJIgp-

HBIM TI0JIEM @ C OYeHb MaJion Macco [2; 3].

Ha crrepyroriiem mrare y9mrbIBaeTcsl, YTO HaOJIIOAATEII MOTYT CyIIIECTBO-
BaTb TOJIBKO B OY€HBb Y3KOM aHTPOIIHOM AMala3oHe BO3MOXXHBIX 3HAUEHWUN
IUTOTHOCTY TEMHOVI SHEePITH, OTPaHMYIEHHOV CIIpaBa KBaJpaToM O0paTHOTrO
MOMeEHTa BpeMeH!, IIpU KOTOPOM CcPOPMUPOBAIVICE CaMble IIepBble Tajlak-
TUKM (3TOT MOMEHT BpPeMEHW OIIpeferIsIeTCs IIPOoV3BeIeHIEeM TEKYIIETO BO3-

_ -3/2
paCTa BCeJIEHHOWM 1 MHOXWUTEJIA (1 + Z) , e BeJIMYMHa KpaCHOFO cMmeltie-

HMS OTBe4aeT MOMEHTY (POpMMpPOBaHMs IIepBOIro MOKOJIeHNs rajlaKTHK, TO
ecTb z=5). Bo n3bexxaHne HellopasyMeHMI OTMETVM, YTO BCIOILy MBI VICIIOJIb-

_ 872G
3yeM yOOOHYIO CHCTeMY eqVHULL, IIPU KOTOPOTL 5 =c=1.

B ouenb Y3KOM [nalia3oHe ITOoTeHIMal CaMOZIEeVICTBUA V(@) IIpaKTmie-

CKV He MEHETCs, TaK YTO C XOPOIIel TOYHOCTBIO €r0 MOXKHO Pa3JIoXUThL B
PO OKpecT TOYKM HYJIb M OIPAHUYUTBCS JIMHEVHBIM II0 IIOJII0 WIEHOM.
Ecrv oste yOBIBaeT ¢ TedeHVIEM BpeMeHM, TO MOXKHO VICIIONTb30BaTh IIPUOIIV-
XeHne MelJIEHHOTI'O CKaTbIBaHMA "1 HOJ‘Iy‘H/ITb OL[EHKy MOMEHTa CMEHbI yCKO-
peHMs cKaTueM, OTCUMTBIBas OT TeKyIllero MoMeHTa BpeMeHN. KauecTBeH-
HBle OIIeHKY, IIpoBefeHHble B [1], JaroT xapakTepHbIV BpeMeHHOV MaciITad
B TPWUIVIOH (1012) stet. HeoxxmaHHBIe CIIe[ICTBIS, COCTaBIIAIONIe IIpeAMeT
TIIAHHOV paboTHI, CBS3aHBI C AVMHAMWYECKO KOMIIOHEHTOV TEMHOV SHePTUL.
OrnpenermM HOBYIO ITI0JIEBYIO IepeMeHHYIO ¢, TaK YTO IUIOTHOCTb TeMHOV
SHEPIUV OIpelesIdeTcsd HOBLIM ITOTeHIIMaIOM CaMOIEVICTBUSL pp = V((p), 178

OymeM cumTaTh, UTO IOJIe (@ MeJIEHHO YMEHBIINaeTcsl, a ITOTeHIIMal caMo-
TIeVICTBVSL SIBJIeTCS TIOJIVHOMVAIBHBIM C BeIlleCTBEHHBIMY KO3 duIineHTa-
Mu. Hampumep, on ompenessieTcss OMHUM WIEHOM C ITOJIOXKWUTeILHOV KOHC-
TaHTOVI CBSI3U VI CTEIIEHBIO 71, KOTOpasi HeoOsi3aTe/IbHO sBjIsieTcs 1eovt. Pasy-
MeeTcsl, Ha3bIBaTh TaKye IOTeHIIMasIbl [OJIMHOMUAIBHBIMU gBJIdeTcs HeKOo-
TOPBIM 37I0yHOTpebsIeHeM TePMVHOJIOTMEVI, HO MBI HajfleeMcsl, UTO 3TO He
BBI30BET HellpaBWIbHBIX acCOITMAIIVTL.

B paborte [4] bappoy n I'paxaM m3ydmim Takye IIOTeHIIMaIBL 1 0OHapy-
XWIN cileflyIollee 3aMedaTe/IbHOe CBOVICTBO: IIOJIMHOMMaIbHEIe ITOTeHIVa-
JIBI C HelleJIOV CTeleHBI0 MOTYT IIPUBOAUTD K ITOSIBIIEHUIO CUHTYJISPHOCTE
3a KOHEYHOE BpeMsl IIpU CTPeMJIEHUM IIOJIEBOVI HE€PEMEHHOW K HYJIIO.
B wactHOCTM, ecyiv mOKa3aTesIb cTelleHw JIOKUT B uHTepBasle M <n<M+1
u M HaTypasbHOe 41CyIo, TO IIPOM3BOIHAs

M+2
ddtTf N (_1)M+1 %00
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upm ¢ — 0 , 4 BCe ITPpOV3BOJHBbIE Oortee HM3KMX TIOPsAOKOB OCTAIOTCA KOHEU-

HeiMK. CKaXkeM, ITpM HaVIMeHbIIIeM AOIYCTMMOM 3HadeHMM umciaa M =0
pacxoguTCs TOIIBKO BTOpasi IIPOM3BOAHas OT II0JI 110 BpeMeHM. B aTom city-
yae U JJaBJleHe, I IVIOTHOCTb OCTAlOTCsl KOHEeYHBIMM, a BO3HMKAIOIIasl 0Co-
OeHHOCTb OTHOCUTCS K UeTBePTOM KJIacCy IO KilaccdyKaIuy, IIpejioxkeH-
Ho B paborte [5], v cumTaeTcst «ci1abovi CUHTYIIAPHOCTBIO» B COOTBETCTBUN C
y>Ke yCTOSIBIIeVICSl TEPMVHOJIOTVEV, BOCXOASIIeN K KIacCUIecK M paboTaM
[6; 7].

INosiBrieHMe Takyx OCOOEHHOCTEVI B PeaIMCTIUYHBIX TI0JIEBBIX MOJIEISX C
IOJIMHOMMAJILHEIM TIOTEHITMAJIOM HOCUT ONIpeAesIsIoil XapakTep it
IOaHHOV paboTsl. MBI IIOKaXXeM, 4TO IIpercKasaHue Bilenknna — Tappura
0 CMeHe peXXVMa YCKOPeHHOI'O pacIivpeHNs Ha cKaTye OKas3blBaeTcsl 3Hauu-
TestbHO Gostee GrmskmM, GyKBasibHO Ha J1Ba Topsiika Oivoke (10" BMmecto
10™). B 2TOVI CTaThe MBI paccMaTpUBaeM IPOCTYIO MHTErPUPYEMYIO, HO J10C-
TaTOYHO OOIIYI0 MOJieJIb, YTOORI OIEHNUTh XapaKTepHOe BpeMs HaCTyIUIeHMs
TaKOW CUHTYJIIPHOCTH. B ciiemyromem paspesie Mbl KpaTKO OIVCBIBAeM Me-
TOZ] CyIlepIIOTeHIMala, YTOObI paccCMOTpeTh IIOsBJIeHVe OCOOEHHOCTeN, W
oOHapyXuBaeM, YTO HeJIHeVIHbIe CKaJIIPHBIE TI0JI B IVIOCKOV (PpVIMaHOB-
CKOVI BCeJIEHHOVI CIIOCOOHBI MPMBECTH K ellle Ooslee IpaMaTHYHON 0COOeH-
HOCTWM, a UMEHHO CUHTIYJIApHOCTHU Kiacca SFS, 3a KoHedHoe BpeMsi, ecyIu o-
TeHIIVaJI MMeeT BUJI, CYMMBI ITOJIMHOMMAaJIbHOTO IIOTeHIIrasIa ¥ MOoTeHIIMasla,
XapaKTepHOro uIsi Mofesien rasa Yarvisiriaa. 110ckoiIbKy IoTeHIIMaIbI Ta-
KOro THUIIa BIIOJIHE JOIYCTVIMBI, Mbl 3aKJII0UYaeM, YTO BO3MOXXHBIM CJIe[ICTBU-
eM rumoTessl Bitenknna — I'appura mMoxer OBITh IOsiBJIeHVE B OyAyleM
SFES. Victionb3ys 310 HabmIomeHme, B TpeTbeM pasierie MBI CTPOVIM TaKyIo MO-
ZlesIb B IpUOIIVDKeHMM MeIJIeHHO MeHSOIerocs CKaJIIpHOIO MOJIs M aHasIu-
3upyeM ee. B pesysbTaTe MbI HPUXOAMM K YoKe 03ByUYe€HHOMY YAVBUTEIIbHO-
My 3axmodenio: eciyu SES nogsures B OymyieM B IpmOIIVKeHNN MejIeH-
HO yOBIBaloIIero IoJjis, TO BpeMs ee HacCTyIUIEHVS VIMeeT TOT JKe IHOPSIOK,
YTO M BO3pacT HabOiromaeMovt BeesleHHov! [IpyriMm ciioBaMyL, ecili OHa Ha-
CTYIINT, TO 3TO OyAeT BecbMa CKOPO (II0 KOCMOJIOIMYECKVIM MacIiTabaM, Ko-
HEYHO).

SFS 1 MeTon cynepnoTeHIMaia

Crienys pabote [4], paccMoTpuM IUIOCKYyIO BeesleHHyIo DpumaHa, 3a-
IIOJTHEHHYI0 MVHVIMAaIbHO CBA3aHHBIM CKaJIIPHBIM IIOJIeM, TaK YTO Ilapa-
MeTp Xabbi1a ompenesisteTcs: HPOCTHIM ypaBHEHVEM

-2

%+V(¢J)=H2,

a TI0JIeBOe ypaBHEHVE C KOHCTAHCTOV CBsi3n A’ VIMeeT Buj
. . 2 p-1
¢=-3Hp—-nA”@" .

I—Ipe;:r;r[onoxq/[M, YUTO HadaJIbHbI€ 3HAUYEHVIS I10JI5, IIapaMeTpa Xab0Oia n
CKOPOCTN M3MEHEHMS IIOJIA ITOJIOKUTEJIbHDBI. B sTtom cjIy4dae B HadaJIbHbIN
MOMEHT BpeMeHI BTOpasi IIpOM3BOAHAS CKaJIIPHOTO IIOJISI OTpullaTeJIbHa, a
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3HA4NnT, (0 YMEHBIIAETCA V1 3a KOHEYHOE BpeMsL oGpamaeTCﬂ B HYJIb. ITocre

3TOro HauMHaeT yObBaTh camo morte ¢. Ecm 0 <n <1, To 3a KOHe4YHOe Bpe-
M3 110JIe o0palliaeTcs B HyJIb, @ BTOpas IIPOM3BOIHAsl — B MUHYC OecKOHeu-
HocTb. [Ipy aTOM mepBast Ipon3BOAHAS ¢ OCTAeTCS BCe BpeMs KOHEUYHOTI,

TaK >XKe, KaK VI IUDIOTHOCTb SHEPIMY M JasjieHvie. [IpyriMu cjIoBaMu, pacxo-
ZISITCSL BCe TIPOM3BOJIHBIE 10 BpeMeHM OT MacIuTabHOro dpakropa HauMHas C
TpeTben (HogpoOHOCTY cM. B [4]).

IToTeHLMaIBI paccMaTPMBAEMOIO BUIa HEMHTEIPUPYEMBl, YTO 3aTPYH-
HseT nccaenosaHue. UToObI YIIPOCTUTh CUTYaIVIIO, 00paTMCS K MOJIEeNIb-
HOVI 3aj1ave, VICIIOJIb3ysl MeTOf, cymeproTeHnyana [8]. Ilycre W(p) — cy-
IeprioTeHIMas, (PopMaIbHO COBIIA/IAIOIINIL C BBIPaKEHMEM IS IVIOTHOCTHU
SHePITV, HO CUUTAIOIIMVICS OQHO3HAYHOW cpyHKLU/IeVI IIOJIEBOVI II€pEeMEH-
Hot. Jlerko mokasats (cM. o6t cirydant B pabote [8]), uTo auHaMirdeckve
ypasHervst @punMaHa CBOIATCS K IIPOCTOMY YPaBHEHUIO [TEPBOTO ITOPSIIKa

g1 dV;’;fﬂ)/W,

a IIOTeHIIMaJI OIIpenesIsieTca 13 COOTHOIIEHM A

dW ()Y
Vi) =wip)-3*[ T )
@
Ionoxum W ()= A’¢". B 5ToM ciydae ypaBHEHNs TPUBUAIBHO VHTET-

PVPYIOTCH, W, CAUTas, YTO IIapaMeTp 71 JIeKUT B MHTepBajle OT HyJII [0 Je-
TBIpeX, MBI HAXOJIVIM I10JIeBYI0 (PYHKIINIO

p(t)= [(An (4-n)67'(t, - t)T/(H)
VI TIOTEHIIMaI

B AZnZ(pn—Z

V(p)= A"
(p)=A’p 5

Termepp Jlerko IIOKa3aTh, YTO WMEIOT MeCTO TPW HPWHIMIINAIBHO
pasimunbix onydas: (1) 0<n<2,(2) 2<n<3 u (3) 3<n<10/3. B ciyuae
(1) opu t—t, pacxopguTcs HepBasi HPOM3BOAHAsL ¢ — —0; B CIydae (2)
¢ —>o,a ¢ U @ ocraloTca KoHeuHbIMM. Hakonern, B ciaydae (3) pacxomu-
MOCTb IIOSIBJISIETCS TOJIBKO B TPeTheVl IIPOM3BOAHON: § —> —o0 . 3aMeTVM: IIo-
CKOJIBKY Hac He VIHTepecyIOT Iejible IIOKasaTesIV CTeIIeHW Y ¢, MBI BCIOLY
VICIIOJIb3YyeM TOJIBKO CTpOIve HepaBeHCTBa. [pyrvmMu cjiopamut, IIpu n > 2
MOTYT peaIM30BBIBaTbCS HEOOBIUHBIE OCOOEHHOCTH, HavifeHHble bappoy u
I'paxamom. OmHaKO MBI CKOHIIEHTpUpyeMcs Ha cirydae (1), KOTOpBIi BBIXO-
IIT M3 KJlacca CUHTYJIIPHOCTeV, M3ydeHHoro B [4]. OgeBuaHO, 310 SFS. [eii-
CTBUTEJILHO, IIPSIMOTI IIPOBEPKOVI MOXKHO yOeIUThCs, YTO IUIOTHOCTD U HaB-
JIeHVIe OIIpeNeIIOTCS BBIpaXKeHMSAMI (IOCTaTOYHO TPOMO3IKVIMIL), KOTOPBIe



A.B. FOpo8, A.A. FOpoBa, B.A. FOpo8 -~

—_
4

npu t—t, AeMOHCTPUPYIOT CileAylollee IIpocToe mnoseAeHme: p—0 u
p — oo . COOTBeTCTBEHHO, BCe SHepreTHMYecKye YCJIOBMs BhIIOIHeHbL He-

CJIOKHO TIOHSTH, II0YeMy 3TOT CiIydar ObUI IIpOIyIIeH B paboTe [4]. ABTOpPEI
paccMaTpMBaIi TOJIBKO ITOJIMHOMMAIIbHEIE ITOTeHIIMAIbI C II0JIOKITETHBHOM
(xorst 1 He mesont!) crenerpro. ONHAKO, KaK JIETKO YOeOWUThCs, TaKye IIOTeH-
LVaJIbl B IIPMHLMIIE He MOTYT IIpUBeCTH K ocobeHHOCTsIM Tuiia SFS. Tem He
MeHee TOT ¢pakT, uTo SFS MoXkeT BO3HMKATE IIpY YObIBaHMM CKaJIIPHOTO TI0-
JIs1, IPUBOAUT K Upe3BbIYaliHO MHTEePeCHOMY BOITPOCY: He MOXKeT JI I10700-
Has CUTyallysl peajin3oBaThcs B Money BulenknHa — Tappura npu men-
JIEHHOVI 3BOJIIOIIMI AVHAMITIeCKOV KOMIIOHEHTHI CKaJIIpHOTO I1071s1? B aTOM
cryydae SFS nosiBvtachk OBl Kak «IUIaTa» 3a yOAYHYIO KOMIIEHCAIIVIO BaKyyM-
HOVI SHePIUV CKaJIIPHBIM I10JIeM, KOMITeHCAIVIIO, KOTopasl cierasia HalsIro-
IlaeMYIO BCeJIEHHYIO TOCTEIIPUVMMHOW, IT0 KpaiHer Mepe 10 BO3HMKHOBEHMS
SES!

O0o0O1enurnIe SFS

IpentrosoxymM, 9To VIMeeT MeCTO MeJJIEeHHO yObIBaloIllee CKaJIIpPHOE TIOJE,
KOTOpoOe IpUBOANUT (TO4Hee, IpuBeneT) K mossireHnio SFS. Msr OymeMm pac-
cMaTpuBaTh Oosiee obmmit xiacc SFS, Takmx, 4TO IIpU IPU PacXoXIeHUNn
ZlaBJIeHMs IUIOTHOCTb CTPEMUTCS K HEKOTOPOMY, B OOIIleM rOBOpsl, HEHYJIe-
BOMY 3HAuUeHMIO (CyIlecTBOBaHME TaKMX pemreHwmn nokazaHo B [9]). Ilo-
CKOJIBKY, KaK yKe OTMeYasIoCch, aHTPOITHOe OrpaHIYeHNe BbIpe3aeT Upe3Bbl-
YaviHO y3KWMV JOIYyCTUMBIV AMana3oH B IUIOTHOCTU, BCS AVHAMMKA BBIIVIS-
IWUT CJIeOyomyM o0pa3oM: BelTMuMHa O SBIIsIeTcd PaKT4YecKy KOHCTaH-
TOV BIUIOTH 10 HacTyrvleHms SFS. AHajorm4HO BemeT ce0sl M [1aBiieHMe
Pp = —pPp, OOHAKO Ipu t —t,, pp =0, a BeymumHa pp, #0 M ocTaeTcst Ko-
HeuHOV1. TaKyro MozesIb JIeTKO IIOCTPOMUT, €CIIN CUUTAaTh, YTO IVIOTHOCTH OII-
penerercst Mmopesnbio ACDM ,

Cou
’
a3

p=A+
a BBIpaXeHWe TSI TaBJIeHUS COIEPXKUT IIOIIOJITHUTeTbHOe HeoOBIuHOe CITa-
raemMmoe:

t—t
=—-A+ad|-= .
P T

IIpu a=0 310 ACDM -mopens, ipudeM p, =Au p, =p, IOCKOIBKY
BKJIaj] OT JaBJIeHNsI TeMHOV MaTepuu 1 0apvoHOB (OapMOHBI yUTeHBI B KO-
sdppurmenre Cp,, Kak Mayas IolrpaBKa K BKJIaJly TEMHOVI MaTe€pUM) OTCYT-
crByeT. Takom BIOOp BBIpaKeHWV IS IDIOTHOCTV M JIaBJIeHMs! ITOJTHOCTBIO
COOTBETCTBYeT BBIIIEOIVCAHHBIM VCIIOBVSIM, TaK YTO COOTBETCTBYIOIIVE
ypaBHeHM: KaueCTBeHHO OIVCHIBAIOT KpariHe MeJIEHHYIO 3BOJIIOIINIO JIVHa-
Mudeckort KoMItoHeHThI. COOTBETCTBEHHO, MBI OXKWMIIaeM, 9YTO KadeCTBeHHbIe
OIIeHKM, KOTOpble MBI cefdac Oy/eM fieiaTh, CyIIeCTBeHHO He M3MeHSITCS
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IIpW paccMOTpeHMM Oojlee CIIOXKHBIX (M PeayMCTUYHBIX) CUTYAIuil, eciin
TOJIBKO OHM COOTBETCTBYIOT oOIert KapTmHe Bwienkmua — Iappwra.

Ob6o3Haumm a_ (t) petteHus mpu t<t, u t >t cooTBeTcTBeHHO. OUeBUIHO,

B 00J1aCTVM 1O HACTYIUIEHMS CUHTYJIIPHOCTY MacIITaOHbI (paKTOp COBIIazia-
€T C XOPOIIO M3BecTHbIM pelleHneM 1t ACDM -Momeny, o3ToMy Mbl He

OymeM ero 3ziech BbiChBaTh. [Ipn >t umeem a, (t)=a_(2t, —t). Jomon-

HUTEJIbHO HaKJIaIbIBa€M YCJIOBVISI HEPA3PBIBHOCTU B TOYUKeE t= ts JJI MacCIiI-

TabHOrO (paKTOpa WM €ro IepBOV IIPOM3BOLHON. DTO rapaHTMpyeT Hellpe-
PBIBHOCTD IUTOTHOCTVI SHEPIMW Ha HMPOTSDKEHWV BCeV 9BOJIIOLIMVI CVICTEMBIL.

Orcropa HaxoouM BesmauHy 1 = % Taxvm obpasom, mpu t =t 1UIOT-

HOCTb OCTaeTCsl IIOCTOSIHHOV, HasiieHme pacxomurcs (SFS), a mapamerp
Xab0s1a MeHsIeT 3HaK:
2

H+ (t< ) = _H* (ts ) = _3_TC0tt?s’

TO eCTb IIpU t> ts BCeJIEHHas1 COKMMAETCs, ITpYeM 3Ta CME€Ha YCKOPEHHOTIO

pacipeHms cXaTyeM Beelleslo cBsi3aHa ¢ HaamameM SES.
Y Hac ocTtasvick HeoIlpefiesleHHBIMM IBa MapaMeTpa: II0JIOKUTeIbHAas
«KOHCcTaHTa cBsisu SFS» o m Bpems Hactyruienus SES t =t . [Insa nposefe-

HWSI COOTBETCTBYIOIIEV OIeHKM IIOCTYHWM CilefylommM obpasoM. Bo-mep-
BBIX, MOJCTaBUM HalllM BbIpaXkeHUs B ypaBHeHUe DpuamaHa It BTOpOU
IIPOM3BOOHOV OT MacITabHoro dakropa, 3aTeM IIPOMHTEIPUPYEM €ro II0
MaJIOMy WHTepBaJly, IIeHTPUPOBAaHHOMY OKpecT TOUKM f, U IlepevieM K

Ipeferry 0eCKOHEYHO MaJIOro MHTepBasia. B pe3yJibrare IIOJTy4aeTcs yCiIo-
BUle, CBS3BIBAIOINEe IBa HeOIIpele/IeHHBIX IIapaMeTpa, a 3HAa4WT, OCTaJICA
TOJIBKO OIVH CBOOOAHBIVI ITapaMeTp. Bropoe yciioBue, KOTOpoe MBI MCIIONTb-
3yeM, eCThb IPeIIosIoKeHVe O TOM, YTO IapaMeTp CBA3V He OIlpelesIseTcs
KaKOV-In00 Hemn3BecTHOM (PM3MKON. BO3MOXHO, 3TO HOCTAaTOYHO CUIIBHOE
yCJIOBME, OJHAKO HaM OHO IIPeICTaBJIAeTCs BIIOJIHe olpasgaHHbBIM. [lo-
CKOJIBKY B JIFOOOM CiIydae IIpMpofa IIOSIBJIEHNSI ¢« HeW3BeCcTHa, MbI BIIOJIHe
MOXKeM IIPVIMEHSTH 0artecOBCKMVI IIOAXOH, M TUIIOTe3y O PaBHOMEPHOM pac-
IpenerieHnN. B pesysbraTe MBI HaxomyuM, YTO Hanbollee IIpaBIOIIOIOOHO
SIBJIAETCS CJIeAyolas OoIeHKa B rofrax:

t.~T cot™ 1.155 ~ 13.6x10".

Pasymeetcs, 310 He Oostee yeM IIpuOIIVDKeHNe, HO B JIIOOOM Cilydae IIpas-
IIOTIO0O0HOVT BBIJISIUT BEJIMYMHA TOTO Xe ropsyika, uto u T . Tepmuu
«IIpaBHONIONOOHBIV» O3Ha4aeT 3heck: ecian f T, To 310 OymeT Oo3HauaTh

00 HaJIMYVe HEKOTOPOVI TOHKOV HACTPOVIKM, JIMOO Hajmdyve HEKOTOPO
HeV3BeCTHON II0Ka (PU3MKM, OIIpefesIdromiell BeJIMYMHY KOHCTaHThI CBA3U
SFS. Ha pmamHOM 3Tarre 3TO BBIIVIIAUT Maj000OCHOBAaHHBIM, ITIO3TOMY MEI
IIpefIIoiaraeM, UYTo IOy YeHHBIVI pe3yJIbTaT SIBJIseTCs JOCTaTOYHO OOIIM B
aHTPOIHBIX MogessaX Brulenknna — 'appura ¢ oueHb MeJIeHHO YMeHbIIIa-
FOIIVIMCSI CKJIIPHBIM TI0JIeM, eciIvi, KOHeYHO, OHM cofepkar SFS.
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OO6cyxnenne

ITockoiIbKy OKOHYATEIBHBIV pe3yJIbTaT BBIIJISAUT JOCTATOYHO HEOXM-
IIaHHO, MBI ellle pa3 KPaTKO OIMIIEM XOJl HaIllMX pacCyXmeHuit. Mbl mcxo-
IVJIM M3 aHTPOITHOTO PpeIIeHMs IPo0sIeMbl «KOCMOJIOTMYECKOV ITOCTOSH-
HOW», TIpemytoxkeHHON B [1]. CoracHo 3ToMy moaxomy, HabmogaeMast IUIOT-
HOCTb TEMHOVI S3HEPTUV COCTOUT M3 ABYX KOMIIOHEHT — COOCTBEHHO BaKyyM-
HOVI 2HePrUM 1 MeJIEHHO MEHSIOIIeVICS VHaMI4YecKoy KOMIIoHeHThI. Ha-
HpVMep, MOXKHO CUMTAaTh, YTO BaKyyMHasl SHepIVs OTpuUlIaTelIbHa, a IUIOT-
HOCTb AVHAMIIECKOV KOMIIOHEHTHI ITOJIOXKUTEIbHA, TaK UTO IIPOVICXOINT
IIpaKTU4YecKy HyJleBas IUIOTHOCTh TEMHOV 3HepIumn. B sToM cirydae mprme-
HVMBI aHTPOITHBIE COOOpakeHMs, TIO3BOJISIONINE KOJIMIECTBEHHO IIpeicKa-
3aTh 3Ty BEJIMYMHY C XOPOIIMM COIJIaceM C HaTypHbIMU AaHHbIMU. C 1py-
TOVI CTOPOHBI, IVTHAMMUecKasi KOMIIOHEHTa JI0JDKHA MeJJIEHHO yOBIBaTh, I0-
3TOMY [JaHHas MOIe/Ib IIpefcKas3blBaeT cMeHy a3l YCKOPEHHOIO pacIIIy-
peHms HabJIIogaeMovt BCeJIeHHOV Ha a3y CKaTwisl, HO He paHbIIle YeM depe3
10" ner yckopeHHOro paciviperusi. Eciiv cumMTaTh, 4TO repemMeHHast KOM-
IIOHEHTA OINCHIBAETCS HEKOTOPBIM CKISIPHBIM II0JIEM, TO IUIOTHOCTH TE€M-
HOVI SHepIMy MOXHO 3a/1aTh B BuIe 3(pPeKTMBHOrO IMOTeHIaa CaMOIev-
CTBMSI HEKOTOPOTO OYeHb MeIJIEHHO YMEHBIIAOIIerocs CKaISIPHOTO IIOJI.
Pa3yMHO cumTaTh, 9TO 3TOT HOTEHIIVAII IMeeT BU V((p) ~@", HO apropu

HeT OCHOBAHUII I10JIaraTh, YTO ITOKa3aTellb cTelleHM 3(PpeKTMBHOrO II0TEH-
Lyajia JOJDKEeH OBITh IeJIBIM VIV JavKe IIOJIOXKWUTEeIbHBIM. B 3ToM ciIydae, Kak
IIOKa3aHo B [4], Mo Mepe yOBIBaHMS IIOJII MOTYT IIOSIBUTHCS. HOBBIE HEOXU-
TIlaHHBIE 0COOEHHOCTM IIpV KOHEUHOM 3HadeHMM MacIITaOHoro dakropa.
Bortee Toro, MpI Iokasasy, YTO Takasl OMHaMMKa MOXeT IIpMBeCTU U K sud-
den future singularity. ITockonbsky SFS spistorcs Hambosee «KeCTKMMW» B
paccMaTprBaeMOM KOHTEKCTe (XOTs ¥ HaboJlee CIeKYJISTMBHBIMIL B 3TOM Ke
KOHTeKcTe!), MBI COCPeIOTOYIIIVICE B 3TOV paboTe MCKITIOYNTETHO Ha HMX.
YTo06s! M3yunTh mIOsiBIIeHMe SFS, MBI TIOCTpOMIIN IIpefesTbHO IIPOCTYIO MO-
Ilesib, O0JIafaloIyio BCeMV HeoOXOOMMBIMU MHTpeareHTaMy ciieHapus [1],
HO copepxarmnyto SFS. YuwureiBas, 4To MOIeIb CTpOWIACh C MUHVMYMOM
IIPEAIIONIOKEHMII, MOXHO OXMIATh, YTO IIOJIyYeHHBIE KOJIMYECTBEHHBIE
OIIeHKM OyAyT B CpefHeM CIIpaBeiUIVBEL U I OoJlee peayMCTIIHBIX MOfe-
JIel. YAMBUTEIBHBIM CJIEICTBVEM SIBIIIETCSL TO, UYTO B BpeMsl HaCTYIUIEHUS
SFS okasastock TOTO Xe IOpPsAKa, YTO ¥ BO3pacT HalJII0aeMOVI BCeJIEHHOM
(mopsinka 10 ruraster). dpyrumm ciioBaMy, Takasg SFS morpkHa okasaTbes He-
OXXMJaHHO OJIM3KO K HaM I10 BpeMEHA.

B 3axmodeHIMe IIPOKOMMEHTHpPYeM KaXyIIylocs HedU3NIHOCTb 3TOU
Mopmenn. Ha mepsrInt B3ry1sa, moOasieHve genbTa-QyHKINM K JaB/IeHVIO Ka-
XeTcsl YnCTO (POPMAIIBHBIM IIPVIEMOM W SIBJISIETCS SIBHO HePV3UYHBIM IIPU-
MepoMm. OIHaKO TaKoe 3aKIoueHme OyieT BecbMa mocrenrHo. B paborax [10;
11] mpuBomuTCcs MHTepecHOe OOCyXIeHne (PU3MIeCKOV IIPUPONbI CHUHIY-
ssrpHOcTert B pamkax OTO. TpaguioHHBIV B3I, Ha 3TV OCOOEHHOCTY 3a-
KITIOUaeTcs B TOM, YTO IOsBJIEHVEe CUHIYJIIPHOCTEV CBUAETEIbCTBYET O Ha-
pymenum mpumerviMoct OTO u Tpebyer mocTpoeHMs KBaHTOBOVI TEOPU
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rpasurarny. OgHako asropsl [10] u [11] meMoHCTpUPYIOT, UTO JTIO0OW CIIO-
cob m3beXxaTh 3TVX CHHIYJIIPHOCTEV IIPUBOAUT K TOpas3mo Ooltee cepbe3HBIM
0CODEHHOCTSM, BO3HVKAIOIIVIM IIPV BBIUMCIIEHNN OeVICTBUS. [ pyrvMm cjio-
BaMW, 3[1€Ch 3allIMINAETCS TOYKA 3PEHMs, YTO JOJDKEH CyIIleCTBOBATh IIPWH-
i GUHUTHOCTY AEVICTBUS U STOT IPUHIINAII OTCEKaeT MHOXECTBO M3BECT-
HBIX MOJeJIell KaK HepM3WUHBIX (HallpUMep, CTALMOHAPHYIO MOIeIb DVH-
IITeViHa, BeuHylo Mmopaenb e CuTrepa, Mopeny mepemMeliaHHOIO Mupa U
T.1.). MBI He OymeM mompoOHee 0OCyXIaTh 3TO BOIIPOC, OTMETMM TOJIBKO,
uTO Hara Mopernb ¢ SFS mpmBoauT K KOHEYHOMY JIEVICTBUIO B 3aMKHYTOV
BCEJIEHHOVI.
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A.A. IOpoé8a, P. B. Yupuxob

K BOITIPOCY O PACHII/I-PEHHOV[ OBYMEPHOM
HEPEJIITUBMCTCKOW CYITEPCUMMETPUM

Onucan areopumm peasusayuy areedpst 0GYMepHotl CynepcuMmenpu-
Houl kBanmobBoti mexaruku. I[lodpobro onucansl cayuau N=2 u N=3. Om-
deabHo paccmompena npoyedypa umepayui npeobpasobanuit Hapby. B om-
AuHe 0m 00HOMepHO20 CAYHAs, 6 KOMOpoM 3a0a4a NOAHOCHIBIO peuiaencs
opmyaamu Kpama, umepayuu 08ymeprovix npeobpasobanuii dapby ocma-
101MCs HE0OCMAMOUHO NOHAMBIMU.

An algorithm for realizing the algebra of two-dimensional supersymmet-
ric quantum mechanics is described. The cases N=2 and N=3 are described
in detail. The procedure for iterating Darboux transformations is considered
separately. In contrast to the one-dimensional case, in which the problem is
completely solved by Krum's formulas, iterations of two-dimensional Dar-
boux transformations remain insufficiently understood.

KiroueBsie c1oBa: cynepcviMMmeTpusi, peobpasosanve [lapOy, IByMepHEINT ra-
MIWIGTOHMAH, pacIIpeHHasl CyIlepCIMMeTPVs, MTeParA.

Keywords: supersymmetry, Darboux transform, 2D-Hamiltonian, extended su-
persymmetry, iterations.

BBenenme

ITpeobpazosanmsa HapOy mMHOrma Ha3bpBalOT IpeoOpa3oBaHIAMM CyIIep-
CMMeTpuN. DTO, KOHEeYHO, HeKoppeKTHO. [IpaBuibHee roBOpUTH, UTO IIpe-
obpasoBanmsi [lapOy ITO3BOJISIOT peajM30BBIBATE aJreOpy HepeIsaTHBICT-
cKkovi cynepcummerpun. Hanborree paspaboTaH omHOMepHSBIV CITydari, IIpu
3TOM JiorapvdM OIMOpHON (PYHKIIMWM OKa3bIBaeTCS CYIepIIOTeHIINaIoM (C
oTpULaTe/ IbHBIM 3HaKOM) " yCTaHaBJIMBAETCA TOYHAasl CBA3b MEXAY HANC-
KPeTHBIMM CIIEKTPaMy TaMWIbTOHMaHOB-CyneprapTHepos [1; 2]. UpesBsr-
YarHO IIPOCTO OKa3bIBAETCS pean30BaTh He TOJIBKO TOYHYIO, HO M Hapy-
LIEHHYIO CYIIePCHMMETPUIO (C HEHYJIEBBIM HVDKHIMM yPOBHEM), a TaKXe OfI-
HOMEPHYIO pacHIpeHHyI0 cynepcuMMeTpro [3; 4]. Llensio maHHO paboTe
SIBJISIETCSL pas3BUTHE aITOPUTMa IOCTPOEHNS PACIIVPEHHOV CyIIepCHMMeT-
pUM B IByMEPHOM CJIydae, KOTOPBIVI Topasjio Oorade 1o cBOeW CTPYKType
(cm., HATTpMMeD, [5]).

OcHoOBHBIe 0a30BbIe 0JIOKM

PaccMoTpumM Tpu KBaHTOBOMeXaHMYECKVX ABYMepPHBIX raMIIbTOHMAaHa,
IiBa CK&JIIPHBIX M OAMH MaTpuuHb. O003HaueHs 371eCh B3STHI U3 pabOTHI
[1] c 3ameHOVI 3amIaBHBIX OYKB Ha IIPOIMCHEIE. [IBa CKaJISpHBIX FaMMJIbTO-
HMaHa VMeIOT «KBa3M-(aKTOPM30BaHHEIVI» BWZ, IO IIOBTOPSIOMIMMCS Jla-

© IOposa A.A., Yupuxos P.B., 2020
Becmuux basmutickoeo gpedepasvroeo yuubepcumema um. V. Kanma.
Cep.: Qusuko-mamemamuveckue u mexnuveckue nayxu. 2020. Ne 3. C. 68 —78.
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TUHCKMM VHJIeKcaM IIofpasyMeBaeTcst cymmuposatme oT 1 mo 2. Oneparo-
ppbl, obo3HaUeHHbIe OYKBOVI ¢ C HVDKHVM MHIEKCOM, VIMEIOT BV OOBIYHBIX
oneparopos apOy:

(©) +(k=1)

+(1) (k) _
1 ql 4 ql - glmqm ’

hy=4q,q, h=q49" =9
1) ,+(1)

hlm = qlqur +ql( qm 4

TO eCTb

gt (900

h = ,
" (s 0 +aa

[ql’qm]zo‘

HanomumM, omepatoper [JapOy m myabHBIE K HUM CIDIETAIOT CKayIsp-
Hble TaMWIbTOHMAaHBI C MATPUYHBIM, HO caMV CKaJIIpHbIe raMIbTOHMAHBI
He CB3aHBI APYT C APYToM. 3eck TPagUIIMOHHO CUMTAeTCs, YTO 3HaueHue
SHepIuy, OTBevalolliee OTIOPHOV (PyHKIIVV IIpeodpa3oBaHs, paBHO HYJIIO.

OmnpenenmM IBa cyniepcrMMeTPUYHBIX TaMIbTOHMAaHA

h, 0 0 O h, 0 0 O

0 hlm hlm 0 0 hlm hlm 0
H, = , H, =

0 hlm hlm 0 0 hlm hlm 0

0 0 0 I 0 0 0 1

¥ 4eThIpe MaTPUYHBIX BCIIOMOTATeIbHBIX OllepaTopa (Ha caMOM [ieJle IIeCTb,
HO [1Ba, SPMUTOBO COIPSDKEHHBIX K ITEPBBIM IBYM, MBI He BBIIIVICHIBAEM B SIB-
HOM BUIIE)

0O 0 0 O 0 0 0 0
~ g 00 0] » _ -q,7 0 0 0
Tl 0 0 o Tgr 0 0 of
0 g, —-q, O 0 -4 -q,° 0
0 T 4 0 0 -4 —q° O
A= — 0 0 5/2++ A= ‘72++ 0 0 Uh
-4, 0 0 -4 —, 0 0 -q,
0 _‘71+ _q2+ 0 0 9> — 0

Hecroxno ybemuThbcst B CIIpaBefjIMBOCTY CJIEAYIOIINX IepecTaHOBOY-
HBIX COOTHOIIIeHU (PUTypHBIe CKOOKM 03HAUAIOT aHTUKOMMYTATOP):

g, A+Aq, =0; {ql ,q1}=Hl; {% /q2}=Hz,

N N
—_— — + p— + . —
AH,=H,A, H,=A"A, H,=AA";  q,A+Agq, =0.
BBeILeHHBIe orepaTopsbl IIOCIIy>KaT HaM OCHOBHBIMWM CTPOUTEIbHBIMU

OJToKaMM [IJI peay3aniv paciIpeHHOV JBYMEPHON CMMETPUIN.
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N = 2, PaclumpeHnHas cynepcuMMeTpus

Omnpenenmvv HabOp MaTPUIHEIX OIIEPaTOPOB

H, 0 g, 0 0
H. =" : =" , 0, =
N=2 {0 Hj & 0 q < [A
2

KOTOpPBIE peayIM3yIoT OOBIYHYIO airedpy cyrepcrMMeTpun

{Q,,Q;} =o,H, [Qi,H]ZO.

70
1 ynoOcTBa BBITMIIIEM VICIIONIb3yeMble OJIOKIA:
Hl él
H q
Hl = : H 4 Ql = : ~
2 92
Hl
0 0 00O
0 0 0O H, A
= , =B'B=B=
%=A 0 00 { HJ - [
0 A 0O

]

Cremyrommit 11ar oueBuIeH, BBOOVM HOBbIE «IIITPUXOBaHHBIE» OIlepa-

TOPBI

Q, >Q, =(A-B)

" olipenesrsieM HOBBIV TaMWJIbTOHVAH

: B
BB =C'C=C= e
BB* B

B pesynprare mosygaeM HOBBEI HaOOp OIlepaTOpOB C YABOEHHOW MaT-
pwvuHOM pasMepHOCTHIO. [IpuBenem 110 ouepean TOIBKO CyIepraMyIbTOH-

aH U 1Ba CcyIiepredeparopa:
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o
0
i,
i
0 '
i,
iy
i 7. ]
I |
A
At
At
i A |

PasmepHocTs MaTpuil TyT 32 Ha 32, a He3aloJIHEeHHBIe KJIIETKM coflepKaT
HYJIN.

=A7

N+1

A

N+17

AN Ay
AnvAy
Ay, = diug(AN JAY ) ,

A A A

H® = diag(H,,H,, H,, H,); Ql(s) = di”g(qqu/qz'ql );

0 0 00 00 0 O
0 0 00 A0 0 O
®G _ G _
Q AOOO’Q3 00 0 o
0 A" 0 0 0 0 -A" 0

N=3, dimH :24 :23+1,
{Q"QZ} =o,H /[Qi/H]ZO,
N=4,

HY =diag(H,,H,,H,,H,, H,,H, H, ,H,);

A A A A A A A

Q1(4) =diag(q,,9,,9,,9,79,,9:,9:,9, )i
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@) _
QZ A 7
A+
A+
i A ]
A
@ _
Q2 A+ 7
_AY
- _A -
A
(4 _ -AT . _Am _ A5 _ A4+l
Q ,  dimH=32=2°=2"",
_A
| A -
To ectb d =2V,
Ntepanum

B omHOMepHOM ciTydae BoIpoc 00 mTepalmsx mpeodbpasosanut [JapOy
TIOJTHOCTBIO perttaeTcs popMmynammu Kpama. B nBymepHOM citydae curyanms
OKas3bIBaeTCsl HAMHOI'O CJIOKHee U JI0 CUX HOp Jajleka OT OKOHYaTeJIbHOro
peliteHus. B 3TOM pasmerie MBI IIpeficTaBUM HEKOTOpble HalllM IIperlBapu-
TellbHBIe pe3ynbTaThl. [Ipexme Bcero BBemeM HEHYIIEBYIO SHEPIUIO IS
OIOPHON (PyHKIIMM:

hO:q:nqm_'_EU’ pm:gmkq;’ plzq;’ p2:qI’
hl :qmq; +E0 :p;pm +EO’

hl(;,) =49y — EPix + EgOyy = PiPy + EiPx + EgOy,, -
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Bce ocHOBHBIE COOTHOIIIEHVIST OCTAIOTCS TEMU XKe:

o |9 e R E 905 ]

hlm + + +
(0007]  aig+9.9," +E,

7

qhy = hz(il)qm ’ pihy = hz(;l)pmr
gl =hoal,  pul) =hpi
Hecnoxxsao y6enmrbes, 94To
WO = EOpl0), ho=Egp, hw) = EOpl)
p=0%", O =p¥?, e, =E%,, K)o =t

HpV{qu BBITTOJIHAOTCS COOTHOIIIEHVIAA HOPMIVIPOBKI

(¢.,9)=E” ~E,, (@, ®,)=E" ~E,
n
9= (E(O) -k, )kP(O)f p/®, = (E(l) - Eo)‘{l(l) ,
7,0, =p/p=0.
Ecim mosnmoxurse
E, =EV=E" = ¢,4,%"" =q,"9,0=14,9,¥" =0,
a 3HAYUT,
po = i.[dxmgkm(/"hlp(o) ’ ;01 = ‘71\1"(0) ’ (i)l = Pz\y(l) ’
q ¢ =p ®: =0, D =—g,.

YmobHo dopmabHO BBECTM BEKTOPHOE II0JIe, KOTOpOe OKa3bIBaeTCs Uv-
CTO BUXPEBBIM:

A =¥ = divA=0, VOtA:E{Vgo,A]
P

151 citemyromIer MTepalmv oIIpeneiM

h(l) = QZQL + ED I 4 hlm(l) = QZ,ZkQL,km + EO é‘lm 4
WD =QQf +Es [ =P P, +EI, P, =¢,0Q,Q;, L M=12,

HLM = QLQ;A _gKMPLQK +Eo 5LM ’
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TO eCTb

_ QQr +Q,Q, + éo I [Ql’Q;]

Hiy i
[QZ'Q;] Q;Ql "'QQQZ+ +Eol

W BBITIOJTHAIOTCA COOTHOIIIEH WA CIUVIeTaH A

Q1" = H Q. QuH =h"Q;,
Ph? =H,,P,, P H,, =h®P; .
74 Vnm B Oostee sIBHOM BujIe:
(Q )ub hgz) =(Hyy )ah (Q. )bc ’

(Hu), Ay = A, AL, =(Q), 0,
(HLM )al B,,, =B, h, B ,= (QL )al |29
(Hyy), Cosy =Coly, C..=(R), 4.
(Hoy )az Dy, =Dy, D, =(P, )a; F;p

CynepcruMMeTpisi TeHepupyeTcs ollepaTopaMm

0
g
s
0 4" - o
0
g
g5
0 ¢ 4 0
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g
g5
0 4 - 0
0
a0
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Ob6mas cTpyKTypa cBsi3elt M300pakeHa Ha PUCYHKe.

Puc. O01iast cTpyKTypa cBsizeit

PasymeeTcs, 9TO TOJIBKO YacCTb IIOJIHOV WTEPALIMOHHOV CXeMbl. boiee
IIOJIHAsI IVarpaMMa OyZeT IpefcTaBieHa B OTOeIbHON padoTe.
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3aKkiIroueHme

INepeuniciiM HECKOJIBKO OTKPBITBIX BOIIPOCOB, OTBETHI Ha KOTOPBIE XO-
TeJIOCh OBI TIOJTyYMTb. Bo-TIepBhIX, HeIb3: TV MOIEPHM3MPOBATh ONVICAHHYIO
CXeMy TIOCTPOEHMS aIredOpbl PacIIMPEeHHON CyHepCUMMETPUM, YTOOBI
BKJIIOUUTE B Hee IeHTpaIbHBIN 3apsn? Bo-BTOpBIX, Takyme MOJeI MOTYT
IIPUBOANTE K BBIPOXKIEHHOMY HYyJIeBOMY ypoBHIO. HeoObraHOCTE cuTyarm
B TOM, YTO CyIlepCMMMeTpWs PV 3TOM TO4YHa. BeposTHO, 311echk ecTh CBA3b C
cocrostHussMM BPLS, Ho 3TO TobKo rumoresa. HakoHerr, upes3Bbr4aiHO MH-
TepeceH BOIIpoc 00 mTepanusax. B mepson pabore Ha 3Ty TeMy 3afada CBO-
Iwlachk K IOUCKY HEKOTOPOW MaTpWIlbl, NPUBOALAINEN K YMCTO HYJIEBBIM
CBSI3HOCTSIM, HO C CYIIIECTBEHHBIM OTpaHMYEHMEeM — OHA JIOJDKHA OBITh 3p-
MuroBa. Ecim oc1abuth 3TO yCiioBUe, TO BO3HMKAET 3aHATHAS MBICIIb VIC-
HOJIB30BaTh B KaudecTBe ITOCTaBIIVMKA WTEePUPYEMBIX CXeM ITpefCcTaBIeHWs
HYJIeBOW KPWBM3HBL I MHTerpupyeMbix mepapxuit tuna HYI! Yoacrea
JIV Ha 3TOM IIyTW MOJIYYUTb YTO-TO COMeprKaTeIbHOe, IOKaXYyT Oymylmue
VccilefloBaHMsl, OJIHAKO, YUUTHIBas IIMPOKYIO paclpOCTpaHeHHOCTh ypaB-
HeHW, JOITyCKAfOMVX 3TOT BU/, CMMMeTpuii [6 —11], jlerko moHSTH, UTO Ta-
KIe pe3yJIbTaThl MOI'YT OKa3aThCs UCKITIOUMTEIbHO BaKHBI U MHTePeCHBI.
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V. A. Yurov, A. V. Yurov, R. B. Morgunov

A SURPRISING TALE OF LONG-PERIODIC SPIN OSCILLATIONS
IN THE SYNTHETIC ANTIFERROMAGNETS:
SOME EXACT SOLUTIONS

This article is devoted to construction of a mathematical theory capable of
explaining those experimentally observable periodic magnetic oscillations in
the synthetic antiferromagnet Pt/Co/It/Co/Pt that take place after a switch in
the direction of an external magnetic field. In particular, we demonstrate that
in order to understand the aforementioned phenomenon it is essential to first
properly model the collisions between the magnetic domains of different spin
orientations (P~ and AP~). The resulting model comprised of a system of
nonlinear differential equations is closely examined, after which we propose a
simple analytical method of construction of its exact solutions. This method is
shown to generate an infinite family of solutions associated with the degener-
ate hypergeometric functions, parameterized by a natural number N. One of
those solutions with N =2 produces the magnetization function which perfect-
ly fits the experimental data.

Hannas paboma nocBsujena nocmpoenuio MamemMamu4eckoil meopuu,
KOppeKmHo 006ACHAIOWell IKCNePUMEHINAALHO HADAI00deMble Nepuoouteckue
OCYUANAYUY HAMAZHUHEHHOCIIU 6 CUHMemu4eckoM anmudgeppomaeHentuie
Pt/Co/Ir/Co/Pt npu usmenenuu HanpabaeHus BHeuiHeeo MALHUMHO20 NOAAL.
Iokasano, umo cyujecmBernyio poab 6 Modeau uepaiom cmokHobenus opye
Opyeom MazHumuwlx 0omeHo8 pasiuunotl cnunoboil opueHmupobanHocmu
(P~ u AP ). ObcyxoeHsi 0cobeHHOCTIY NOAYHEHHOU CUCTEMbL HeAUHETHbIX
oucpgpepenyuarvnbix ypabHeHuil u npedAoKeH NPocmoil AHAAUMUYECKUT Me-
mM00 NocHpoeHuUs DeckoHeUH020 MHOXKeCBA peuieHUil 3Motl cucnemsl, Bbl-
PAKeHHBIX uepe3 cheyualbHbiM 00pasom Buiopannsle GbipokoderHble eunepeeo-
memputeckue pynxyuu, napamempusobannvie yeavim 4uciom N. Iloxasaro,
umo pewenue c N=2 8 mounocmu cobnadaem ¢ sKkcnepuMenmasvHoil kpubot
HAMAZHUYEHHOCTIU.

Keywords: synthetic antiferromagnets, domain walls, Schrédinger equation, de-
generate hypergeometric equation.

KirogeBble cjI0Ba: CHTeTHYeCKMe aHTU(EppOMarHeTVKM, JOMeHHbIe CTEeHKM,
ypasHeHwe IlIpénymrepa, BEIpOXXIeHHOE ITMIIepreoMeTpUIecKoe ypaBHeHe.

Introduction

Ever since the pioneering work on the potential coupling between the ad-
jacent layers of different magnetic materials, published in 1986 (see [1—4]), the
subject of multilayered ferro-, ferri, and anti-ferromamagnetics has never left
the limelight. The realization of the fact that a subtle change in a thicknesses
of a non-magnetic material — the «spacer» between two (or more) layers of

© Yurov V.A,, Yurov A.V., Morgunov R.B., 2020
Becmuux basmutickozo gpedepanvroeo ynubepcumema um. Y. Kanma.
Cep.: Dusuko-mamemamuueckue u mexrudeckue Hayxu. 2020. Ne 3. C. 79 — 89.
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ferromagnets — can totally change the character of the interaction between
those layers and switch it between non-existent (a very thick spacer) to ferro-
magnetic to antiferromagnetic came as a storm. Out of this storm a number
of very interesting devices has emerged, including the spin valves and the
synthetic antiferromagnets (SAF). The range of current and prospective ap-
plications of such devices is staggering; it ranges from the magnetic random
access memory [5; 6] to the sensors for various biomedical applications [7; 8].

Despite the fact that a general mechanism at work in the SAF — the Ru-
derman — Kittel — Kasuya — Yosida (RKKY) coupling between the mag-
netic domains in different layers has been known since the end of 1950-s (see
[9; 11]), the particulars of the behavior of magnetization in SAF are still ca-
pable of puzzling the scientists. One such enigma has been described in [12]:
a very unusual non-monotonous relaxation pattern in a Pt/Co/Ir/Co/Pt
multilayered SAF after the switching of the direction of the external magne-
tic field. This was rather unexpected as the equations normally used to de-
scribe the dynamics of the magnetic domains in SAF were all linear and did
not predict the dynamics observed in [12].

A year later the answer has been found [13]: the culprit was shown to be
the collisions between the different magnetic domain in the magnetic layers.
This article serves as a mathematical supplement to [13] and is designed to
provide a detailed mathematical exploration of the subject whereas [13] is
dedicated mostly to the experimental and physical side of the research.

The statement of the problem

Our goal for this article would be to study the behavior of the coupled
magnetic domains in the SAF with a perpendicular anisotropy after the
switching of the external magnetic field. For certainty we will assume that
the thicker of the two magnetic layers — the “anchor” — is the lowest of the
two. A total of four types of magnetic domains are possible: two parallel
states (P* with spins in both magnetic layers looking up and P~ where the
spins point downwards) and two antiparallel (AP® and AP~ — the sign
determined by the spin orientation in the anchor) — see Fig. 1.

Fig. 1. The scheme of the SAF and the main types of the magnetic domains therein
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Initially the SAF in its entirety consists of just one magnetic domain - the
AP" type (for that end we switch on the external magnetic field and wait
until the magnetization of SAF stabilizes). However, if we should turn on
the external magnetic field again, but this time of opposite direction, the new
types of domains will start emerging: the nuclei of the P~ and the AP~ pha-
ses. But, of course our sample being SAF, only one type — the AP~ will sur-
vive in the end.

With that being said, let us look at the simplest model of the dynamics of
those three types of domains.

Let z be a concentration density of AP* nuclei;

x — a density of P-nuclei;

y — a density of the AP-nuclei;

a(H,T) — an efficiency of the P-nuclei generation from the AP+ phase;

B(H,T) — an efficency of AP-nuclei generation from the P- phase;

v(H,T) — an efficiency of the AP-nuclei generation from the AP* phase.

Naturally, since the P~ phase is only transitory, and the total
concentration is limited by the size of the sample, we conclude that the rate
of growth of AP~ must be proportional to both z (the more AP" nuclei means
more chance for an AP~ to emerge) and the x (every P~ nuclei has a chance
to morph into AP~ nuclei). For the same reason the growth of x shall also be
proportional to z but be stifled by the big x (the more of them we have the
more will convert to AP~ phase). Finally, the finite size of the sample deter-
mines that the sum of all three types of nuclei must be a constant — in our
case 1 (since we are working with the concentrations).

This produces the following simple linear system:

dx

—=az-fx

dt “

d—y:;/z+ﬁ’x @)
dt

x+y+z=1

with the initial conditions corresponding to the starting P* state at t=0 are
z=1, x=0, y=0. Once we solve this system, calculating the total
magnetization of SAF will be an easy task:

M(t)=M;, (-x-03y+z),

where Mg would be the saturating magnetization of the thick layer.
So, how do we solve (1)? First of all, if we sum up the first two equation
in (1) we will end up with

z=—(a+y)z,

whose general solution is

2=z, "7,
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Plugging this into the first equation in (1) produces the following
equation on x:
i=aze N - B,

which is an inhomogeneous linear differential equation. Its general solution is:

x=x,- I P S
B-a-y B-a-y

This we can of course use in the equation on y. Solving it and using the
condition y, =1-x, -z, yields the following solution

y=1-2 |yt [y _GR e
a+y B—a-y B-a-y

The resulting magnetization M together with the experimental results
are shown on Figure 2.

(@

OF o] 1

+

5, AP
=
<P}
¢ 2
[—]
o
E’o

2 T AP

Fig. 2. Magnetic relaxation in Pt(3 nm)/Co(1.05 nm)/Ir(1.5 nm)/Co(0.7 nm)/Pt(3 nm)
in the magnetic field - 1350 Oe at T=100 K. Here M(t) =Ms; (-x-0.3y +z),
where My, is the saturating magnetization of the thick layer. The solid line

is the exact solution of (1), the blue circles — the results of the observations
(for further details see [13])

Everything looks good if not for one little thing: while the behaviour of
the solution is motonous (owing to the linearity of the system (1)), at some
values of the external magnetic field the magnetization’s dynamic is no lon-
ger monotonous.

This can only mean one thing: at those values the model must be incorrect!

The model with the domain interaction

Let’s take into account the fact that in the process of their growth the P-
and AP-domains inevitably bump into each other. In the process the P- — AP-
transition takes place: a P- phase absorption by AP- phase.
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To account for this absorption, we have to add two additional terms,
proportional to the probability dxy of the nuclei approaching each other:

d—x:az—ﬂx—é'xy

dt

d—y:yz+ﬁ’x+5xy’ (2)
dt

x+y+z=1

where the coefficient 6 describes the efficiency of the P- phase absorption by
AP- phase.

The initial conditions at t=0 remain the same: z=1, x=0, y=0.

A close look at our system is in order...

If we sum up first and second equations in (2), we'll get:

t=~(a+y)z,
whose general solution is
z= zoe_p t 3
and p=a+y. According to (2), this yields the system:

y:l—x—zoe_pt, 4)
i:azoe_pt+[5zoe_ptfﬁf§+§xe. (5)

The equation (5) should look familiar to anyone proficient in the theory
of O.D.E’s: it is the famous Riccati equation [14]. One of its interesting
properties if that this equation is homogenous with respect to the variables
x and x (but not ), which implies that (5) can be linearized by the following
change of variable:

()=~ £ (), 6)

which converts the Riccati equation into an even more famous Schrdidinger
equation. And if we move one step further and additionally rescale f{f) as:

0z
f(t)=exp{—l[at+—oe_ptﬂV(t), o=p+7,
2 P
then we'll end up with the Schrodinger equation that looks like this:
%:%E_Zpt+§[p—o-—2a]e_pt+i0'2. (7)

Hence, the entire problem reduces to finding a regular solution of (7)
which does not vanish for any given t>0 (so that the r.h.s of (7) remains
well-defined), and then using it to find x:

o _f0 pt v ®)

x(t) =

25 2 SV(1)
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Prior to that, however, it would be handy to replace the time variable ¢
with a new independent variable & =e™”' . After that, the Schrodinger equa-
tion assumes a much simpler form:

2
Vn+lvf_ a2+a_b+c—2 V:O, (9)
£ ¢ ¢

where for the sake of simplicity we have introduced three new coefficients:
o o+2a

a=—, b=1- , c=—=.
2p p 2p

The goal now would be to study this equation and to find out a way to
construct its solutions. But we once again remind our reader, that we also
have an additional burden on our shoulders: respecting the physical impli-
cations of (6), by making sure that the newly discovered solutions do not
vanish (for if they do, the density x of - will become singular, and this defi-
nitely would not do!). How shall we approach this daunting task?

Let us start by figuring out the general behavior of the solutions of (9) at
the boundaries of the domain 0< & < +o0.

1. What happens with the solutions of (9) around £=07?
For sufficiently small & (9) turns into
2
V"+1V'—C—2V )
¢ ¢

It is easy to see that this equation has two partial solution V, =™ and
V, =£&™, so its general solution would be just a linear combination of the two:
V(&)=c,&° +c,&™. By assumption, V cannot be equal to zero (so ¢, #0),
hence when & - 0

V> ETC
2. Similarly, when & — o, (9) reduces to
V'-a*V =0,
whose solutions have the asymptotes
V- eia‘f .
Armed with this knowledge, we can utilize a new variable w(g), defined as:
VoM e, k=+1,

which, upon substitution into (9) reduces it to the equation for the degenerate
hypergeometric function [15]:

+(1—2c—g)di‘;—(j)—u(k—2ck—b)w(§)=o, (10)
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where
¢ =-2ka&. (11)

In order to proceed further, it is advisable to represent the solution of de-
generate hypergeometric equation as [16]:

ot
V(t)=e 2 {Cl exp(%e_ptjw+(t)+ ¢y exp(—%e_ptjw_(t)}, (12)

where, as before, ¢, and c, are arbitrary real constants, the functions w, and

w_ are defined as:

5 -
w_ﬁt):F(%,l—%,—;e pt)/

(13)
w_(t) = F(l— ora 1—5,£e‘ptj
P PP
and the function F in (13) is given by the following convergent series:
2
F@Lﬂg):l+é£+£&iiaé;+m (14)

B1! B(B+1) 2!

So, what possible benefit might we gain from (12)— (14) which we could
not from the original Schrédinger equation (9)? Quite a lot, in fact, since now

the problem of regularity of x(t) and y(t) reduces to a question of whether
the series (13) has any zeroes or not. And a close look at the series w, () re-
veals it to be alternating! Therefore, if we are to remove any possibility of V(f)
turning to zero (henceforth producing a pole in both x(t) and y(t)), we have
to remove the w, (¢) from the big picture — which we can do by setting
¢, = 0. But even that is not the end of the story.

Since we are left with just one series w_(t), we can play a little bit with
its arguments in (14). In particular, we can turn w_(t) into a finite series; all

we have to do for that end is introduce a natural number N and choose the
parameters A and B for F(A,B,{) to depend on N as

A=-N
B=1-N-L (15)
P
Voila! We end up with an infinite of solutions Vj, (t), parameterized via
the natural number N, each one of them being containing within a non-
vanishing polynomial of order N w.r.t. the variable ¢ and having the fol-

lowing form
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V

o
N ()= exp{—z—e

on t
Pt ONT RN 1-n-L 2Pty (1e)
P pop
=7+Np and F(...) is the series defined by (14).

where we have defined oN

Since we have gone this far, let us take a look at some first iterations of

the function V,;:

V.

86

)
Vo (t) =exp| ——e
2() P{ 2

—pt +%(y+2p)t:|.[1+

o0 _pt 1 o _pt
H=exp| —e P +=(y+p)t || 1+—¢ 7 p
1® P{ 20 2(7 p) }( j

e

25 —pt | 52 20|
p+y r(p+7)

o —pt 1
Vo) =exp| ——e P +=(y +3p)t ,
3() P{ 2 2(7 P)}

352

2Pt

1+ 30 Py
20+y

(20+7)(p+7)

e—3pt]
(20+7)(p+7)r '

As we can clearly see from these simplest cases already at the second it-
eration the solution demonstrates a very clear non-monotonic behavior. In

particular, that very iteration, V,(t), corresponds to the following magnetic

nuclei concentrations:

m22(1-2)[(1+2m)z +1]

(-

z(1-
(1+2m)z(mz+2)+m2 +4m+2

)[m 2+3m)z+m +4m+2}

z=e

o
where —=m.
V4

(
(1+2m)z(mz+2)+m2 +4m+2
—pt

If we them use (16) to calculate the total magnetization M(t), we will get

the following:

—3(m2 +4m+2)+z[2(3m2

- 23m-13) + mz( 20m ~ 49m - 26 - 20m(1+ Zm)z”

M=

10[m(1+2m)z(mz+2)+m2+4m+2} '

which happens to fit the observational data perfectly — see Figure 3.
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Fig. 3. Magnetic relaxation in Pt(3 nm)/Co(1.05 nm)/Ir(1.5 nm)/Co(0.7 nm)/Pt(3 nm)
in the magnetic fields - 1360 Oe (b), - 1354 Oe (c), -1370 Oe (d)
at T=100 K. The solid lines are exact solutions (16),
the blue circles — the results of the observations (see [13])
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S. P. Kshevetskii

FINITE-DIFFERENCE-STEEPEST DESCENT PARADIGM:
NEW NUMERICAL METHOD OF FOCKIAN SPECTRAL PROBLEM

A new numerical method that unify finite-difference and the method of
steepest descent paradigms is suggested. It allows to avoid the wavefuncions
space and spin variables division, that leads to superposition in spin projec-
tion stacionary states. The approach is verified by comparison with conventio-
nal methods.

IIpedaoxcen HOBbil HuUCAeHHbIL Memod, 00BeOUHAIOUUL KOHEUHO-PA3-
HOCHIHBLI Memo0 U Menood napadueM Hauckopeiuieo cnycka. Dmo nosbosa-
em usbexams dedeHus npocmpancmba 6oanoBbix GyHkyul U CHUHOBIX He-
peMenHbLX, umo npubooum K cynepnosuyuu 6 crmayuoHapHbLX COCIOAHUAX
cnunoboti npoexyuu. ITodxod npobepen nymem cpabuenus ¢ mpaouyuoHHbi-
MU MemooamiL.

Keywords: Hartree — Fock equation, Fockian, wavefunction, Hamiltonian, elect-
ron, exchange.

KirogeBsie cj1oBa: ypasHeHMe XapTpn — Poka, pokmuaH, BOJIHOBAsSI PYHKIINS,
raMIbTOHMAH, 3JIeKTPOH, OOMeH.

Introduction

A foundation of quantum chemistry and solid state physics in its mo-
dern form is based on ideas of Hartree Fock (HF) method, that presents the
best one-electron approximation [1]. The method is formulated as a system
of nonlinear equations in which each electrom «lives» in a self-consistent
field of other electrons. Namely the self-consistency is a source of nonlinea-
rity, that yields main dificulty of the system solution. It leads to a necessity
of computer modelling/simulation of quantum multi-particle systems that is
approved in [2]. The abundance of publications related to HF method forces
us to very brief review.

A brief history of the development of methods
for calculating multi-electron systems

Hartree proposed a method for approximate calculation of multy-elect-
ron wave function in 1929. However, he has not taken into account the sym-
metry of the wave functions of electrons under action of permutations. In
1930, Fock developed Hartree's method taking the Pauli principle into account,
it is now named as Hartree — Fock method (HF method). The effective
results are obtained on a way of the HF method simplifications, known as
density-functional theory (DFT) [3].

© Kshevetskii S.P., 2020
Becmnux basmuiickoeo gpedeparvroeo yuubepcumema um. M. Kanma.
Cep.: Dusuko-mamemamuueckue u mexrudeckue Hayxu. 2020. Ne 3. C. 90 —103.
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There are also post-Hartree — Fock methods that improve Hartree —
Fock calculations. In [4] a concise summary is presented over the existing
fully numerical approaches to molecular calculations. The authors own two-
dimensional (2D) finite-difference relaxation method for Hartree — Fock,
Hartree — Fock — Slater, multiconfiguration Hartree — Fock or Dirac — Sla-
ter calculations on diatomic molecules is described in details.

Let us mention popular methods for calculating quantum many-particle
systems as an important part of the brief history of the method develop-
ment. It is matrix and its diagonalization [5] for a Fockian or a Huckel-type
models for Hamiltonian matrix of molecule by the non-canonical molecular
orbitals (NCMO).

In molecular states calculations of quantum chemistry the so-called
molecular orbitals are used. The orbitals are localized in a limited spatial re-
gion of a molecule, for example a specific bond or in the case of a lone pair
on a specific atom. They can be used to relate molecular orbital calculations
to simple bonding theories, and also to speed up post-Hartrees b“Fock elect-
ronic structure calculations by taking advantage of the local nature of elect-
ron correlation. In solid state physics such localized orbitals are build using
periodic boundary conditions that are known as Wannier functions, see for
example [6].

The main problem of a realization of the mentioned methods is a choice
of the basic functions for an eigen wave function of the Fockian [7].

The overview [13] touch early attempts to reduce the many-center prob-
lems to a somewhat one-center's concentrating on so-called two-dimensional
finite-difference HF method (FDHF) Earlier review of the finite-difference
approach to the problem is presented in [4], where authors speak about fully
numerical HF methods for molecules.

A continuous spectrum states formation that would be responsible for
processes of ionization and recombinations are of extreme difficulty by
means of localized or periodic functions, more exactly — the an elegant
numerical procedure to find optimally localized set of generalized Wannier
functions associated with a set of Bloch bands in a crystalline solid [10].

Basic ideas

To avoid the mentioned difficulties of solution of the Fockian eigenvalue
problem by means of variational principle, we suggest a direct application of
finite-difference method. To accelerate the solution numerical exploration
we use the steepest descent method.

Aims and scope

This paper introduces the novel numerical method that unify finite-diffe-
rence and the steepest descent paradigms. It unifies two main purposes:

1) the effective numeric code that accelerates calculations especially wit-
hin an extent atomic systems;

2) it allows to avoid the wavefuncions space and spin variables division,
that leads to account of superpositions in spin projection stationary states.
The approach is verified by comparison with conventional methods results.
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Born — Oppenheimer approximation.
Hamiltonian of an electronic system

In the Born — Oppenheimer approximation, the nuclei of a molecule or
a solid are assumed to be stationary. The Hamiltonian is written for a system
of N electrons, located in the field of a nuclei system:

r hz ZIEZ ez
H_—szA,.—Z‘_ +) = _‘. (1)

i T ri—R]‘ i |ri =7

In the expression (1), Zi is a sum over all electrons, i is the electron
number; Z/ is a sum over all nuclei, | is nucleus number; Z, is the charge
of the nucleus with number ], expressed in charge |e| of an electron; R; is a

position of the nucleus |, the vector i stands for a radius-vector for the

electron with number i.
Conventionally, if the energy eigenvalue problem is of interest, the sta-
tionary Schrodinger equation writes as :

H® = Ed, @)

where (D:CD(Rll...,RK,(rllgl),-n,(}’N,GN)), 0,,0,,...0, are spin variables

of the electrons. Since the electrons are fermions, the wave function must be
antisymmetric in the variables of the electrons, that is, for example, reads

@(El,"',EK,(;l,Ul),"‘,(;N,GN)): —(D(ﬁh---,ﬁK,(;N,O'N),---,(;1,01)).

It is convenient to mark electrons arguments simply with their numbers,

for the case, we introduce the notation i = (;1—, o; ) . Then

=0 (R, Re, 1, N).

Notations. The essence of the Hartree — Fock method
Within the framework of the Hartree — Fock method, the wave function
D= CD(E,---,EK,L---,N ) is searched in the form of a Slater determinant
composed of single-particle functions
¥,(1) P, (1) ¥
v, (2) ¥, (2) e Wy (2)

\P1(N) \Pz(N) \PN(N)
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We skip the nuclei positions parameters Rk.

From the variational principle (min<<b,H<D>) the Fock operator compo-
nents for the spin-orbitals ¥, are derived. as follows:
F¥ (1)=¢Y,(1). €)

Here the functions ¥ ; are spin-orbitals, and the 1:"/ are Fockians,

4

z

E=h+Y(]I-K), (4)
i=1
-, oy 1 ,
Ji¥; = I\Pi (Z)T—‘Pi(Z)drz‘I’j(l), ®)
12
:, oy 1 ,
K, = [, (2)—; (2)dn¥, (1), 6)
12
. #? Ze
= A, — —
T

A prime by the sum means that a term with i=j is skipped. The

integration is carried out over the variables of particle 2, 7, =|171 -7

2 2 2
A = a—+a—+a—, 7, =(x,,,,2,) . It is assumed that the functions ¥, are
ox, Oy, 0z,

orthogonal: '[‘{’, (1)WY, (1)dF, =6,.

7

Orbitals. Standard method for solving the Hartree — Fock equations

In order to solve the Hartree — Fock equations, the following transfor-
mation is usually carried out. The spin variables of the electrons are split off.
Namely, it is assumed that a part of electrons have spin up, and the others
have spin down. Therefore, the wave functions ¥ ; are taken in the form

-~ (0
¥, (r,a) =9, (r)(J and other functions ¥, are taken as

- —(1
Y, (1’,0') =, (r)(oj .
Substituting these expressions into the Hartree — Fock equations (3), the

equations for the orbitals ¢, (;) are derived

A

Fo;(1)=0,(1). 7)
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Here @, are spin-orbitals, and ﬁj are fokians,

o= [p (2)—¢ (2)dr¥ (1), ®)

0, = [0/ (2)—g; (2)drp, (1). 9

These equations (7) are also called Hartree — Fock equations, although
the meaning of these equations is essentially different than (3).
The solution of these equations (7) is sought in the form of series with

respect to the basis functions ¢, = Z C.0,, where O, are the basis func-

tions.

When we come to equations (7) from equations (3), the ability to calcu-
late magnetic phenomena correctly within the framework of the Hartree —
Fock method becomes lost because we have predetermined the spins of the
particles. Especially it relates to so-called frustration phenomenon [14].

However, the original Hartree — Fock equations can be solved diffe-
rently: the electron spin states can be calculated from the Hartree — Fock
equations (7) for spin-orbitals, and then the orientations of the particle spins
and magnetic phenomena can be calculated, taking into account the spin-
orbit interaction.

Two equivalent forms of the Hartree — Fock equations

Equations (3) are a special form of equations of more general kind:

Ew (1) )+ (10)
i#]
where obviously
g = [¥; ()Y, (1)d7, (11)
A= [W (1) Ew, (1)d, . (12)

It is the equations (10) that are obtained if we derive them from the
variational principle neatly.

Both forms of Hartree — Fock equations are equivalent. The operator 13/.
depends on the functions ¥; and is invariant under a unitary transformati-

on of the system of functions ¥,, ¥,, ..., ¥, . By unitary transformations
of the system of functions ¥,, ¥,, ..., ¥, , any of these form of equations

is transformed to another .

The form (10) of the Hartree — Fock equations is more convenient for
calculations. The equivalence of the two forms ((3) and (10) of the Hartree —
Fock equations is shown in the literature [11]. However, not all books con-
tain such information.
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The resulting equation can be written in the form

é]‘\P]‘ (1)=¢%,(1), (13)
where
S, (1)=Ew,(1)-X[w; (2)F¥,dR ¥, (1). (14)

i#j
We multiply the equations (13) by ¥, by scalar product, that reads

JeL(1)S¥, (1)dr, = [P (OE W, (1)dr, - 3 [¥] (2) ¥, ), [, (1), (1) d, =

95

= [ ()EW, (1)dr, - > [¥; (2) E ¥, (d,6, , =

i#]
= [V OF Y, (1) a7, - [¥, (2)F ¥, @75, =
=& [W, (1), (1)dF, .

We see that if I‘Pk (1)¥,(1)d7, =5, ,, then the equality holds.

The new method of solving the Hartree — Fock equations (3)
by steepest descent method

To suggest a new solution method, we use some geometric ideas. Let us
define a curve ‘Y'(t) in thh functional space of the HF system solutions.

Suppose the curve ends at some eigenfunction ¥, ="¥(0) and hence
mark the function by the index j, having W,(t). Let's allocate in each point
of the curve W ,(t) the components parallel to S ¥, and the component or-

thogonal to S ;¥ and introduce the factor & so, that:

\P.=(‘P].)H+(‘P].)L=5(§j‘1’j)+(‘1’j)L. (15)

]

Here ¢ is a certain factor that is easily computed. Multiplying of the
equality (15) by scalar product from the left side by S ¥, we get

(5,1, (1)

A 2 \Pj(l)d?r
59

o

In this way,
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(8, (1), (1))

2

(‘P )L=‘P]'_J

¥ (1)dR S, .

A

SVY.

7]

Then it is natural to surmise that ¥ j (t) , is obtained as a result of the fol-

lowing iterative procedure

¥ (t+AH) =, (t)—(a(‘{’ ), +ﬁ’(‘{’j)”)At
under the condition of sufficiently small At and for t — o converges to the
solution of the Hartree — Fock equations (13). Here >0, £>0. The term

ﬂ(‘P j)H At is introduced to preserve the normalization and the value of /S

has to be chosen from the condition of conservation of normalization. For
sufficiently small At, we can take f=0. Therefore, for At - 0 we arrive at
the equation

We calculate

This equation follows from (13) and corresponds to our equations (13)
for eigenvalues. Then we arrive at the equation

‘ SVY,
dt ] ~ 2 7]

5%
This equation is not very convenient for calculations, because in the

A 2
process it is required to compute HS ;| , and this is laborious. Hoever we

can use the approximate relation

2
’

éj\PjHZ ~ |‘91 (t)|2 "\P]

that follows from (13), and to simplify the differential equation. This can also
be done because the term ay/; affects mainly the normalization change, but

normalization can always be corrected. We arrive at a more simple and
convenient equation




S.P. Kshevetskii

W

It is even more convenient to rewrite this equation in the form

da¥
dt

L=—a(S;¥,-¢(t)¥,). (16)

We have taken into account that the energies are negative for discrete
states. The normalization in this equation is retained automatically.

This form of the equation is relatively simple and understandable. We
write out this equation in the original operators:

a¥, (L) ﬁ}(l’t)\yj(Lt)_;_‘.q]:(2’t)ﬁj‘{lj(2’t)d?2\{[i(1’t) Cw
dt &, ()W, (1)

Calculation of particle spin states

The solution of the equations (17) for t - « gives the stationary solution
of the equations. Equations (17) realize the method of steepest descent. In
this case, we do not necessarily fall into the absolute minimum of energy,
because there are local energy minima. Consequently, the result of solving
the equations (17), in general, depends on the starting spin orbitals
Y, (t=0).

Let's consider a concrete example. Suppose we calculate the spin-orbitals
for the helium atom. Suppose that for =0 the spins of both electrons are
directed upwards. It is not clear from the equations, by what mechanism in
the particular case under consideration, the electrons can turn to make spins

of electrons oppositely directed at ¢ — o . The fact is that the focian 1:"] is an

integro-differential operator. By itself, it can not transform the structure

u.
\11]_ = ( O] j of ¥ ; function into the structure ¥ i =[

0
] The last term in (17)

]
Uu.
also can not change the structure of the column ¥, = ( 0] J .

Numerical experiments show that in the solution of the equations (17),
the correct orientations of electron spins are settled automatically with
increasing t, if the orientations of the electron spins for t =0 do not differ
too much from those corresponding to the energy minimum.

Nevertheless, there exist initial ‘¥';(0) such that the spins of particles

with increase of ¢ can not turn around and take a position corresponding to
energy minimum. So if in the two-electron system the particle spins are
parallel to each other at £ =0, then in the solution of the equations (17) with
increasing t the particle spins can no be transformed although the energy
decreases and the local energy minimum is achieved.The energy correspon-
ding to this local extremum is larger, since the exchange term is obtained not
equal to zero. The situation corresponds, obviously, to unstable equilibrium.
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The structure of the equation (17) does not allow us to get out of this local
extremum, and this is apparently related to the structure of the original
Hartree — Fock equations. In deriving the Hartree — Fock equations, one
searches for a minimum of the energy functional, and calculates variation of
the energy functional with respect to spatial variables. The orientations of
particle spins are also independent variables, but the corresponding minimi-
zation of the energy functional over these variables has not been performed.
It should be noted that the contribution of the terms ], and le does not de-
pend on the orientation of the spins, and only the exchange integral determi-
nes the contribution of spin-spin interactions of particles into the total
energy value.

It is not clear how one can modify the Hartree — Fock equations to exc-
lude local energy extremes corresponding to incorrect spin configurations.
But it is relatively easy to propose some modifications of equation (17),
which allow minimizing the energy functional over the spin variables.

The simplest way is to introduce into the system of equations the forced
oscillations of the spins of particles, which dump with time. This will allow
the system to escape from local extremes and help the system to align the
spins of the particles so as to find a stable configuration of spins and an
absolute minimum of energy. Fortunately, the dead zone in which the
spinning of spins to the right directions does not occur, is narrow. We

u. V.
introduce for each spinor ¥, =( ! ] the orthogonal spinor ¥} =( ! ]
Z)j —uj

We modify the equations (17) as follows

m 1 [FO0Y 00 20RO oY)

dt
=& (1)¥;(L1) (18)
+ ;/j(t){‘PJf(l,t)—ZJ"{f:(Z,t)‘P; (2,4)dr ¥, (1,t)].
i#]

Here the conservation of the normalization follows from the fact that the
right-hand side is orthogonal to ¥;. To preserve the orthogonality of the
functions ¥;, in the second line (18) a special summand is introduced

~ W (24)¥; (2,4)dr P, (1,t).
iz]
Here y,(t) are some small rapidly decreasing functions. It is advisable to
_ LAY (L)
relate these functions y,(t) to the norms of the derivatives ]—t For
example, for a numerical solution, we can take
0¥, (1)

*0.1*random(-1,1).
ot

}/]-(t)=;/0
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Here the values from +1 to -1 are chosen randomly. 7, (t) is chosen so
that the change ‘¥, () due to of the introduced spin oscillations be small in
comparison with the change of ¥, (t) due to the energy changing to energy

minimum. The spin oscillations introduced are small, but they are sufficient
for the system to leave the dead zone and adjust the spins to achieve the
absolute energy minimum. In addition, y,(t) becomes negligibly small and

tends to zero as the extremum point approaches.

However, the block with the turn of the spins is still underdeveloped. It
is possible to accurately calculate the operator turning the spins of particles
in such a way as to minimize energy. The idea is fresh and not implemented

yet.

Some test ab initio calculations. Calculation of electron clouds
and spin orientations in simple electron systems

Below we show some examples of ab initio calculations electronic clouds
and spin orientations of simple quantum systems.

In Fig. 1, the right-hand side of the figure shows the electron clouds of
the helium atom calculated by the method described above. It should be no-
ted that the electron spins are opposite directed, and the correct orientation
of the spins is found by itself, it is the result of calculations. The calculated
ground state energy E, =-82.27 eV (experimental value E, =-78.95ev [8]),

calculated ionization energy E, =-2094ev  (experimental value
E =-24.58 eV [9]). In this work, we did not have the goal of calculating the-

se energy characteristics with high accuracy but just wished to illustrate the
proposed calculation method and show that it works. Obviously, using finer
the difference grid, it is possible to increase the calculation accuracy.
Although we understand that applying standard methods for solving the
Hartry — Fock equations and choosing a very good basis system of func-
tions and the correct spin orientations, one can probably achieve the best
accuracy. The advantage of the proposed method is its universality, which is
very important, and also in the fact that the correct orientation of the spins is
obtained automatically within this method. On the left side of the picture,
the initial electron clouds are shown to start the calculations. They were
especially initiated to be very different from the actual electron clouds of the
helium atom, and even were taken primitive, to demonstrate the work out of
the method. The starting cloud of the first electron fills the left half of the
square (in reality, of the cube), and the starting cloud of the second electron
is in the right half of the square (of the cube). Such a choice of starting clouds
is made so that the starting clouds are orthogonal, although this is not
important for the computations performed. We see that, as a result of
computations, we received not only the correct electron clouds but, and
most importantly, the correct orientation of the spins.
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Fig. 1. Helium. On the left side, the initial electron clouds are shown. The computed
electron clouds for the helium atom are shown on the right side. The electron spins
are directed opposite; this is the result of calculations, and this fact is important

In Fig. 2, the upper row shows the electron clouds of the lithium atom,
calculated as described above. It is usually assumed that two electrons in the
lithium atom are at the lower level and the spins of these two electrons are
directed opposite, while the third electron is at a higher energy level and has
one of two possible spin orientations. Simple logic suggests that in reality,
the spin of this third electron should rather be in a superposition state
because otherwise, the spin-spin interaction is only with one of two lower
electrons, which is illogical. The superposition state of the spin of this third
electron is shown by calculations. However, if the spin of this third electron
is in a superposition state, then the spins of all three electrons must be in a
superposition state, and then there must also be a splitting of the lower
energy level. This is exactly what we are observing: the lower electrons have
slightly different energies. The correct orientations of the spins are found by
itself; it is an important result of calculations. The lower part of the figure
shows the initial electron clouds to begin the calculations. The initial clouds
are taken so that they are orthogonal to each other, and their orthogonality is
achieved by the simplest means. We see that we obtained not only the
correct electron clouds but also the correct spin orientations.
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Fig. 2. Lithium. In the upper row, the calculated electron clouds of the lithium atom
are shown. Electron spins have been calculated by a computer program. The spins
of all three electrons are not pure states, but they are superpositions of states
of spin up and spin down. In the bottom row, the initial electron clouds are shown

The electron clouds of a boron atom, calculated in the same way as des-
cribed above, are shown in Fig. 3 in the top row. Here everything is about
the same as in previous cases, but only the number of electrons is more. The
lower part of the figure shows the initial electron clouds for starting the
calculations, and the initial clouds are orthogonal to each other.

Fig. 3. Boron. In the upper row, calculated electron clouds are shown.
Spins of all electrons are calculated by the program. All electron clouds
are superpositions of spin-up and spin-down. At the ground energetic level,
the two electrons have almost pure spin states. Small displacements of the cloud
centers are seen due to the repulsion of electrons at the same level. In the lower row,
the initial fields of electron clouds are sown
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Discussion

An alternative method for calculating the wave function of electrons is
called the DFT method (Density Functional Theory method). It is based on
the ideas of Kohn and Sham (1960): the wave function of the ground state is
restored with electron density [15]. We do not consider DFT-methods here,
but it is quite possible to develop it on base of the ideas, presented here.
Some problems However, after all, electrons define how matter is arranged
internally, and what happens with it. All that we know about the design of
atoms and molecules, we know only from calculations and from our ima-
gination. Therefore, the experimental researches are fundamentally insuffi-
cient in modern physics.The significance of the computational part of the
work is extremely great in modern physics.

Acknowledgement. Author thanks S. Leble for the essential contribution in litera-
ture review and important discussions of statement of problem and its solution.
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METO[I OLIEHKY IIIVIPVHBI IOMEHHOVI CTEHKWU
10 CUTHAJTY, TEHEPMPYEMOMY TOMEHHOW CTEHKOW
ITPU ITPOXOKOEHWMM YEPE3 ISMEPUTEJIbHYIO KATYIIKY

BuiBedena cpopmyaa 01 IC undyxyuu Papades om 0Buxyujerica 6
Mukponpobode domenroil cmenkuy. IIpousboonas no Bpemeny MaHumnHoeo
nomoka 6 usmepumeAsHotl kamyuike Bvipaxaemca uepes NAMUKPATIHbLIL
unmeepas no obvemy cmenxu u nobepxrocmu ceuenusn kamyuiku. Iloayuen-
Hoe Bvipasxeriie cpaBrubaemcs ¢ noAyHeHHIMU paHee HPU YNpouyeHHOM Onui-
canuu 006exmol usmepenus.

The formula for the emf Faraday induction from a domain wall moving in
a microwire is derived. The time derivative of the magnetic flux in the
measuring coil is expressed through a five-fold integral over the wall volume
and over the coil section surface. The resulting expression is compared with
those obtained previously with a simplified description of the measurement
objects.

KiroueBnle c/10Ba: JOMeHHasI CTeHKa, M3MepuTesibHas KaTyika, D C namy K.

Keywords: domain wall, measurement coil, Faraday EMF.
BBenenme

B mocrteniHee BpeMst peppOMarHUTHEIE aMOPHbBIe MUKPOHUTY IIPUBJIe-
KaloT IOBBIIIEHHOe BHMMAaHIe Y4YeHBIX. DTO CBS3aHO C ILIeJIbIM HabOpOM MX
3aMedaTesIbHBIX CBOVICTB, TaKMX KaK OMCTaOWIIbHOCTD, TUTaHTCKOe MarHWUTO-
COIIPOTMBIIEHVe, MarHUTOMSTKOCTh U Ap. [1—3]. MukpoHUTH Ha OCHOBe
Xesle3a 0OJamaloT CIOCOOHOCTBIO Il€peMarHVYVBaThCA IO IEVICTBUIEM
BHEIITHETO MarHWTHOTO IIOJIS 3a cueT ABvoKeHms nomeHHoM creHKM ([ C) [2;
3]. IIpwaem ckopocts apvokeHns 1 C okas3bIBaeTcsl O4eHb BelvKa (IoCTUTaeT
HeCKOJIBKMX KM/ 1) [2; 3]. DTo 103BOJIsIeT 1CII0/Ib30BaTh MarHUTHBIE HUTW
IUISL 3aIIOMMHAIOIINIX M JIOTYECKNX YCTPOVICTB, CEHCOPOB PasIMIHEIX -
3WYeCKMX BEIVMYIMH (TeMIlepaTypsl, IO, HaIpsDKeHWM) M T.1. [4—6].
Hawnborpmryto momyssipHOCTE IIpMOOpet MUKPOHUTY HVUIVMHIPUYIECKON
dopmMEl, Tak Kak Onarofmaps MX CMMMeETPUYHOV hopMe B HUX JIETKO KOH-
TpOIVpoOBaTh CKOpOcTh pacrpoctpanenus HC. [h1sg Takux HUTe CKOpOCThb
VIMeeT IPsIMO IIPOIIOPIIMOHAIBHYIO 3aBUCUMOCTD OT BEJIVTYVHBI IIPVITOKEH-
HOTO MOJIs (eC/IV II0JIe HallpaBJIeHo BIIOJIb HUTH) [2; 3].

OpHako B CWIy HOCTaTOYHO OOJIBIIMX pasMepoB HUTW (OyaMeTp HUTHU
cocTaBJIgeT IOpsAKa HeCKOJIBKUX MUKPOHOB) [7 —12] MUKpoMarHuTHOe MO-
TeNVpoBaHMe SBJIIeTCs 3aTPYAHUTEIIFHEIM. B cBolo ouepens, aMopdHOCTE
MaTepurasioB, M3 KOTOPBIX CIelaHbl HUTM, He II03BOJISET IIPUMEHUTH Pe3o-

© Bepemmaruu M. /1., Kyssiparckuit A, B., 2020
Becmuux barmuiickoeo ghedeparvrozo yrubepcumema um. V. Kanma.
Cep.: Qusuko-mamemamuueckue u mexruveckue Hayku. 2020. Ne 3. C. 104 — 111.
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HaHCHBIE SKCIIepVIMeHTaIbHbIe TEXHVIKM IS YCTaHOBJIEHVSI MUKPOMAarHUT-
HOW CTPYKTypsl BHyTpu HUTHU [13—15]. OlleHK1 MUKPOMarHUTHOM CTPYK-
TYPBI IO3BOJISIFOT CEJIATH JIVIIb MHTErpajIbHble MarHUTHBIE MeTob! [16; 17].
ITosToMy MeTompl, ITO3BOJIAIOIIME Ha OCHOBe IIOJIYUYeHHBIX 3KCIIepVIMeH-
TaJIbHBIX JIAaHHBIX OLIEHUTH TeoMeTpudeckne rapamerpsl [1C, mprobpeTraror
BaKHOe 3HaUeHVe.

B craTpe [18] O6bUT IIpenyIOXKeH METOZ, OIIeHKM IIVIPUHBI JOMEHHOV CTeH-
K11, OCHOBaHHBIV Ha 3ddekTe Papasges. B HacTosIen ctaTbe MBI paccMaT-
pvBaeM Ty ke 5KCIIepVIMEHTAIIbHYIO METOMVKY, CYIIIeCTBeHHO yTOUHSIS aHa-
UTUYecKne pOpPMYyIIbl, UCIIOIb3yeMble st olleHKM ImpuHbl HC. Taxxke
MBI YKa)keM CJTydan, B KOTOPBIX MOXKHO IT0JIb30BaThCs YIIPOIIEeHHBIMI Pop-
MyJIaM¥, IIpeJIoKeHHBIMM B [18].

MukpoMarHUTHasI CTPYKTYpa MeTayUINM9ecKOW JKIIbI COCTOUT W3 OBYX
IIOMEHOB: BHEIITHeTo 11 BHyTpeHHero [3]. B 3aBucumocTtyt oT 3HaKa K03 dpu-
IVIeHTa MarHUTOCTPUKIIUM A; BHEIITHEV JOMeH VIMeeT pafaIbHyI0 CTPYK-
Typy (mpm A; > 0) wm xpyrosyio (mpu A; < 0). BHyTpenHUM Xe goMeH
VIMeeT aKCHaJIbHYIO CTPYKTypy. Ero pasmeps cyectBeHHO Oosiblite pa3Me-
poB BHelHero goMeHa (o 99 %) [3]. [loaToMy npm poun3BemeHMIT OLEHOK
OymeM cuMTaTh, UTO pamuyC BHYTPEeHHErO JOMeHa COBIIQJaeT C pamuiycoM
MarHmMTHOW XXWJIBL R.

Mopens

B anekTpomyHaMuKe IPUHATO PacCUUTHIBATh MarHMTHOE II0J1e 1100 de-
pe3 BeKTOPHBIN MO0 depe3 CKaIIPHBIV ITOTeHIal. MBI OyzmeM VCIIonb30-
BaTh BTOPOVI IIOAXOM. VITaK, BBeleM CKasIIpHBIV IIOTeHIIVAT

H=-Vy, (1)

rme H — HampskeHHOCTh MaTHUTHOTO MOJIsL; V — omlepaTop HaOma; ¢ —

CKaJISIPHBIVI ITIOTEHITMAJT.
Torma 13 ypasHeHNIT MakcBeIa OH BEIpa3nTCs CJIeAyONM oOpa3oM:

VM 1M, -M
y = ——dV'+— [—=—peds, @)

V,|r—r| 4r, r—r|
rme V' — mo6oir o0beM, cofiep Xalin MarHUTHOE BeIIeCcTBO ¢ HaMarHu-
YEeHHOCTBIO M ; MM — HOpPMaJIbHbl€ KOMIIOHEHTbI BEKTOPa HaMarHVM4YeH-

HOCTW, TIOMeueHHble CHapyXu (+), a BHYTpu (-), Ha TIOBepXHOCTV MarHUT-
Horo 1mosyig S'.

Taxum oOpasoM, HalpsDKeHHOCTh MarHMUTHOTO 1ojist H , cosmaBaemoro
HaMarHMYeHHBIM BEIIIeCTBOM, VIMeeT JIBe COCTaBJISIONIE: TIOBEPXHOCTHYIO U
obveMHyT0. B Teopyv MMKpOMarHUTH3Ma IIOBEPXHOCTHYIO YaCTh Ha3bIBAIOT
II0JIeM paccesiHMSI. B paMkax paccMaTpuBaeMOV 3ajiauil IIOJIe pacCesHMs
CYIIeCTBEHHO cjT1abee 0OBEMHOVI COCTaBIISIOLIEV IOJIs, II03TOMY MBI He Oy-
IleM ero paccMaTpwBaTh. ViccienoBaHMIO 1ojiert paccestHMs OyzeT mocBsie-
Ha oT/esIbHas pabora.
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HampsokeHHOCT MarHUTHOTO TIONISE MOXKHO PacCUMTaTh CIIEAYIOIIVIM
obOpasom:

e 0 S I
H :—vl,/:—vv,|7_?,|dv_ JV(M)VF_?,VZV— N
=2 6’(1\71)(?_?3)511/'
7 77|

3mech u fajiee *' OMVCBHIBAIOT IIOJIOXKEHWS TOYEK BHYTPU HUTH, a 7 —
TIOJI0KeHWe TOYKM CHapyXXu HUTHU, B KOTOPOM paccumTbiBaeTcs mojte. Cum-
BosiBI V 1 V 0003HaYaroT omepaTopsl HabMla KOOpanHaTaM HUTH U TI0 KO-
OpAMHAaTaM IIpOCTpaHCTBa COOTBETCTBEHHO.

MarsuTHas MHOYKITNUS TOTAa HAXOOUTCS CIIeyOIIM 00pa3oM:

B=Fl+4nbl =478 +2 W(M)%dw @
v F—7

Tak Kak KaTyIlKa IIepIeHOVKYJIIpHa OCU HUTW, MAarHUTHBIV IIOTOK 4Ye-
pe3 KaTyIIKy 3aBVICUT TOJIBKO OT ITPOeKLWIM MarHUTHOW MHIYKIIUV Ha OCh
HUTW

® = @B-dS = §B. -ds. ()

YureMm crienmmduKy pacrpenesieHysI HAMarHUIeHHOCTY BHYTPY HUTY, a
MMeHHO TOT akT, uro BHe [IC HaMarHMYeHHOCTb OJHOPOIHA, O3TOMY

VM pasen Hymo. TakuMm obpasoM, OygeMm cumMraTh MHTerpasl o o0beMy

OcC.

B cuity cuMMeTpum 3a/1aun TIepertIieM BbIpaskeHe B IVUTMHIPUIECcKIX
koopauuartax p,¢',z', nomnaras, uro [IC nmeer paguyc R, mmpuny h,
pacIoyioxeHa B TOUKe Zp,, 1 orpanvdena pyuxkuvsivu f (o', ¢') u g(p',¢')

CJIeBa U CIIpaBa COOTBETCTBEHHO:

B, =47M, + H, = 4xM, +2[V (M)(Z_—Z?dv -
v 77|

= 47M,+2 [ V(M)Lf?ciw -
—-r

VD 11

~!

—~

= 4xM,+2 [ V(M)F_—j?dV’ -
F—7

VD 11
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R2z2pw +8(P"9")
=47Z'MZ+2MJ-J. I o(p,¢,2' —zpy)x
00 zpw+f(p9)
6
p(z-2) o ©
X ‘ 37z dp'de'dz’,
[p* +p* —2pp'cos(p—¢')+(z2-2) ]

rne VM =Mo (p',¢',2' -z, ) . CooTBeTCTBEeHHO, M — MOJIy/IE HAMArHIYEH-

HOCTL.
l'eomeTpwmst sagaun mpeficTasieHa Ha pyucyHke 1.

P
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coil

DW T

=Y

[}

oW 0

Puc. 1. 'eomeTpuis 3agaum

Temnreps ook, uro C pacripocTpaHseTcs, B TO BpeMs Kak ee «op-
Ma» He MEHsIeTCs.. DTO O3HaJaeT, UTo Zzp, =s(t), rae s(t) — 3aKoH aBroKe-
HUs cTeHky, a f u g ocrarores HemsmeHHbiMI. (B wactHocTn, ecrm [1C mBu-
XETCsI ¢ TIOCTOSTHHOV CKOPOCTBIO U CO CTApTOBOTO TIOJIOKEHWSI Z,, TOT/Ia
s(t) =z, +vt.) B aTOM ci1yyae BeIpaxeHvie (4) IIPUHMMAET CIIeIyIONTyIo dhop-
My:

R275(H)+8(0"9")
B, =4zM, +2MII I a(p’,go’,z'—s(t)) x
00 s(t)+f(p"¢) (7)
p' Z _ Z'
o (z-7) o dpldgiz.
[p* +p* —2pp'cos(p—¢')+(z-2)’ |

Hanee HavieM IIPOM3BOAHYIO IIO Bpe€MEHNM OT IIPpOeKINMN MarHUTHOM
VHAYKINY Ha OCb HUTUL
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()

OB, _, oM, 20 ) o (o g 2 —s(t
sy a0
t s(t)+f(p'0") 8(2 - S(t))

p'(z-2)

[p* +p* =2pp'cos(p—¢')+(z-2)’ ]

X

X

573 dp'dp'dz’ +

+

a(p’¢'.8(p"¢) P (z-5(t)-3(p"¢"))
[p* +p* —2pp'cos(p—¢')+(z=5(t) -5 (0" 9)) ]

?)p (z=s()+f(e'9)
[p*+p° 2ppcos(¢ 9')+ ( (t)+f(p',(p'))2]3/2

Ha cnenyrormeM mare Bo3bMeM BHYTPeHHIII MHTeTpaJl 9acTsM, BEIOMpast
BEIpa’keHe TI0J] VIHTeTpajIoM 0e3 IIPOM3BOAHON II0 ¢ II0 BpeMeHN U

3/2

®)

OB aM 27 s(t )ﬂ?p’w')

dp' [d
ot I g I (os(w(puw')

o-(p',go’,z'—s(t)) X

p’[Z(z ~2'y = p* = p* +2pp'cos(p - (P’)]

x ‘ 5/2 9
[p*+p?=2pp'cos(p—-¢')+(z—2)’ ]
Hst ynoGeTBa BBeZieM HOBYIO IlepeMenHyto z" =z’ —s(t), Torma
OB, _ . oM, fd(g 8o, I (0 2")
ot ot 0 )
. o2 (z —z"=s(t))* = p* = p* +2pp'cos(p— (p’)} 10)

[P+ p? —2pp’cos(go—go’)+(z —z"—s(t‘))z]S/2

Torpa D C-curHas, reHepupyeMbIlt B KaTyIllKe, pacIliojIoKeHHOV B TOU-
Ke Z, MOXKHO PacCumTaTh CIIedyIoNIM 00pa3oM:

ZIIR

%

y ,0,0'[2(2—2"—5(1‘))2 -p'=p? +2PP'COS(¢7_¢7')]
[p* +p* —2pp'cos(p—¢')+(z—2"—s(t)) ]5/2

dpdp ——— Id(pfdpjdp Id(ﬂ J. o(p,¢,2")x
flp'9)

AJIbTepHATVIBHO MOXKHO BEpHYThCS K MICXOTHOVI IIepeMeHHO z'

27R, 220 R R 27 s(t)rg(e'e)
&= —47” J I%pdpdgo—% J'dw.[dp.[dp'.[dgo’ J o-(p',go’,z’—s(t)) X
00 0 0 0 0

s(t)+f(p")
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) pp'2(z—2) - p* - p* +2pp'cos(p-9) ]|
[p*+p*~2pp'cos(p—¢)+(z-27 "

Ot aBe POopPMYyIIBI IOJDKHEI MICIIOIB30BaThCA B pacdeTax CUMTHajla.

CpaBHeHMe pe3yJIbTaTOB

HarvieM yctoBuisi, KOTOpBIe HY)KHO HAJIOXWUTh, YTOOBI IIOJTyUUTh M3 BBI-
BemeHHBIX popmyit (11) u (12) mcronb3yeMyio B JIuTepaType OpMyITy 13
[18].

Hy>Ho crienaTe criefyrorye qOIyIeHs:

1) AC /1BrKeTcs € TIOCTOSIHHOV CKOPOCTBIO, TO eCTh §( )=z, +0vt;

2) o He 3aBUCUT OT p' 1 @', TO ecTh o-(p’,go',z'—s(t)) =o(z'-z,—0t);

3) rpanmuips 1C mwiockue, To ects f=—h/2 and g=h/2;

4) MarHUTHOE T10JIe B KaXX[IOV TOUYKe BUTKA KATYIIKN OJIMHAKOBO U PaB-
HO TIOJIIO B [IEHTpe KaTyIIKM, TO ecTb p=0;

5) npeHebperaem BKIaOM HAMarHWYEHHOCTV B TOYKE, TO €CTh IIEPBbIM
crtaraeMbsIM B (popmyite (12).

Torna ypasuenme (12) mpuHMMaeT B,

. R, R 2z
&= —% J.pdpj‘dp’jdgo' x
0 0 0
s S(t)j.h/zo_(zr_z _vt) pr[z(Z_Zr)Z —p’2:|
S(t)+h/2 ’ [p? +(z—7:’)2 T/z

t)+h/2

dz' =

’
p—
o(z' -z, 03)/2 o

_ 4zMoSR* "
¢ s(-n2 [R? +(z—z')2]

rme S — IUIOMIAAb IIOIIEPEYHOIO CeUeHMsT KaTyIIKAL.

IMpenmomnoxenne 4 MBI HAXOAMM HEKOPPEKTHBIM 1 IIOTOMY HacTanBaeM
Ha VICIIOJIb30BaHMM HOBbIX popmyst (11) v (12) maxke It OTHOCUTEITBHO
TIPOCTBIX KOH(PUTYpatIuiL.

boree Toro, kak mokasaHo B pabortax [19; 20], Hambosee BepOSTHO, YTO
HC MeeT HaKJIOHHYIO CTPYKTYPY, a HOTOMY ITpeAIIoyIoKeHMsd 2 1 3 Takxke
BBITTIAOST COMHUTENBHO. [Ipenmonoxenne 1 BEITTOTHSAETCS He IS BCeX HU-
TeVl, IOCKOJIbKY M3BECTHO, YTO CYIeCTBYIOT HUTH, B KoTopbix HC nprokercs
¢ yckopermeM [21]. ITpenmonoxeHme 5 BEIIIIANT HanboIee 000CHOBAaHHBIM.

BriBoabI

ITpenoxxeHa HoBas yTouHeHHasi popMmyJia s pacdera curHaita D[C,
TeHepVPyeMOro Ha CUUTHIBAIOIIEN KaTymKe mpu mpoxoxaeruv JC Bmomns
MukpoHuTH. OBOCHOBaHO, IToUeMy hOpMYJIa, MCIIOIb3yeMasl B JINTepaType
paHee, HEKOPpPEKTHA.

Wcnone3yst dopMyIibl, BbIBeIleHHbIE B paMKaX AaHHOW CTaTbV, MOXXHO
OIIEHUTh TeOMeTpUUecKye pasMepsl (IIMPUHY, IMHY, HaKIOH) IO IIOJY-
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yeHHOMY curHaity DIC, reHepupyeMoMy Ha KaTylIlKe, eCJIVI MMeEeTCs! MH-
dopmanms o popme [IC. demaercs ato mogdopom mmpuae! [JC Tax, 9ToOs!
CUTHAJI, PErUCTPUPYEMBIN Ha KaTyIIIKe, COBIIa/I C BBIUMCIIIEMBIM 10 (popMy-
stam (11) n (12).

Baazodapnuocmu. Abmoput 6aaeodapam C.B. Jlebae 3a nocmanobky 3a0auu, KOHCYAb-
MAyuU 1o co0epranuio cmamsi u 00cyxoenue pesyssmamos.
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TPEBOBAHMA M YCJIOBVIS ITYBJIMKALIMY CTATEV
B BECTHUKE b®Yy VM. 1. KAHTA

ITpaBmia myGmKarum crTaTen B XKypHasle

1. Ipepcraprsiemas AyIst My OIVIKAIVVL CTaThs JIOJDKHA OBITH aKTyaIbHOVI, oOJIaziaTh HO-
BU3HOV, COfIep>kaThb IIOCTaHOBKY 3ajiay (I1po0s1eM), oIvcaHve OCHOBHBIX pe3yJIbTaToB VCCIIEIIO-
BaHIs1, ITOJTyYeHHBIX aBTOPOM, BBIBOJIBI, & TAKKE COOTBETCTBOBATH IIpaBiIaM 0OPMIIEHVISL.

2. Marepwas1, ipefjlaraeMblvi [jIst 1Ty OIvIKalum, JOJDKeH OBITh OpWUIMHAJIBHBIM, He
Iy G/IMKOBABIIVMCS PaHee B PYTHX IeUaTHHIX M3gaHusx. IIpu oTnpaske pyKommmicy B pe-
TAKIVIO XypHajla aBTOP aBTOMATMYeCcKM IPUHMMaET Ha cebst obs3aTestbcTBo He ImyOmm-
KOBaTh ee HY ITOJTHOCTEIO, HI YacTUYHO 0e3 cormacys pefakIiL.

3. PekoMeH10BaHHBIVI 00beM CTaTbM ISl JOKTOPAHTOB M JOKTOPOB HayK — 20—30 ThIC.
3HaKOB ¢ Mpo0esTamy, TIs IOIeHTOB, IIpertofjaBaTeller M aclpaHToB — He Oosee 20 ThIC.
3HAKOB.

4. Crivicok IUTepaTyphl I0JDKeH cocTaBiIAThk oT 15 1o 30 ncrounukos, He MeHee 50 %
KOTOPBIX JIOJDKHBI IIPEZICTaB/ISATh coBpeMeHHble (He crapuie 10 jreT) myGrmkanvv B m3a-
Husx, perieHsupyeMbix BAK m (wm) MexayHapogHbIx m3gaavax. ONTHMaIbHBI YPOBEHb
caMOIMTVIpoBaHMs aBTopa — He Bbiire 10 % OT cIvcka MCIToIb30BaHHBIX ICTOUHMKOB.

5. Bce mpucitanHBle B peqakuio paboTEI IIPOXOIST BHympennee Vi Breutee peyen-
3upoBanue, a TaKKe IIPOBEPKY CUCTEMOV «AHTUIDIATMAT», IIO Pe3yJIbTaTaM KOTOPbIX IIPH-
HVIMAeTCsl pelieHye 0 BO3MOXXHOCTY BKJTIOUeHMS CTaThU B XKy PHaIL.

6. CTaThsi Ha paccCMOTpeHVe PedaKI[MOHHOW KOJUIETrViell HallpaBJIseTcsl OTBEeTCT-
BEHHOMY pefakTopy Ito e-mail. KoHTakTel OTBETCTBEHHBIX peaKTopos: http.//journals.
kantiana.ru/vestnik/contact_editorial/

7. CTaTey Ha paccCMOTpeHMe TIPVHMMAIOTCS B peXXVMe OHJTaviH. [Ij1s 3Toro aBTopam
HY>XHO 3apeTMCTPUPOBaThCs Ha TopTasle EOuHOVM peqakimyy HaydHBIX XypHaioB LDY
vm. V1. Kanra httpy//journals.kantiana.ru/submit_an_article v cjiemoBaThk TOfICKa3sKaM B pas-
nerte «[TogaTk cTaThio OHJIAVIHY.

9. Pemenme o myOnmkanyy (Wi OTKJIIOHEHMM) CTaTbU IPWHWMMAETCSH peraKiy-
OHHOVI KOJUIEeTrVieVi Ky pHasla II0CJle ee pelleH3MpOBaHs 1 00Cy KIeHVs.

10. ABTOp MMeeT ITpaBo Iy0JIMKOBAThCS B OTHOM BBIITycKe «BecTHumka banruiickoro
denepaisHoro yausepcurera nM. V1. Kanra» ofguH pas; BTopoit pa3 B COaBTOPCTBE — B VIC-
KITFOUMTEIILHOM CJTydae, TOJIBKO IO PeIlleHV O peJaKIIOHHOV KOJUTET VL.

KomriuiekTHOCTS M Q)OPMQ IIpeacraBjIe€HMs aBTOPCKMX MaTepyaIoB

1. CtaThsi JOJDKHA COfepKaTh CIIeyIOIIye SJIeMeHThI:

1) mrnexc YK — Ho/DKeH HOCTaTOYHO HOAPOOHO OTpaXkaTk TEMATHKY CTaTbV (OCHOB-
Hble ITpaBwIa HAekcuposanys 1o YK cm.: httpy/fwww.naukapro.ru/metod.htm);

2) Ha3BaHVie CTaThVI CTPOYHBIMY OyKBaMVI Ha PYCCKOM U aHIJIMVICKOM si3bIKax (00 12 c106);

3) aHHOTALMIO Ha PYCCKOM M aHITIMICKOM s3bIKax (150 — 250 ca06, mo ecmv 500 ne-
uammbLx 3Hako6). Pacriosaraercs nepeyt KIIIOYEBBIMY CJIOBAMM II0CTIe 3aTJIaBys;

4) wOUeBkble CJI0Ba Ha PYCCKOM W aHIJIMIICKOM sA3bIKaX (4 — 8 c106). Pacnionaratorcst
TIepesT TeKCTOM II0CTTe aHHOTaITVVL;

5) crmcok smTepaTyphl (npumepHo 25 ucmounuxo8) opopmMiIsieTcsi B COOTBETCTBUM C
TOCT P 7.0.5. — 2008;

7) cBeneHVs1 06 aBTOpax Ha PYCCKOM M aHDJIMVACKOM si3bIKax (. V1. O. oIHoCTBIo, yue-
HEIe CTeIleHW, 3BaHWs, JTOJDKHOCTB, MeCTO paboTel, e-mail, KOHTaKTHBIV TeTlepOH);

8) cBemeHI O SI3bIKe TEKCTA, C KOTOPOTO IIepeBeleH Iy OIIMKy eMbIli MaTepraJl.

2. CcpUIKM Ha JIMTEPATYPy B TEKCTe CTaTeVl JAIOTCS TOIIBKO B KBa[PaTHBIX CKOOKax ¢
yKasaHyeM HOMepa VICTOYHVKA M3 CIIMCKA JINTepaTyphl, IIPUBENEHHOrO B KOHIIEe CTaThI:
nepBas 1 pa — HOMEP MCTOYHVKA, BTOpasi — HOMep CTpaHuMIIbl (Harpumep: [12, c. 4]).

3. Pyxomicy, He oTBevarolye TpeOoBaHMSM, M3/I0KeHHBIM B ITYHKTe 1, B ITeuaTs He
IIPVHVIMAIOTCS, He PeIaKTUPYIOTCS Y He pelieH3VPYIOTCS.



OOu1ne npaswia opopMIeHMA TEKCTA

ABTOpCKMe MaTepuabl JOJDKHBI OBITH IOJITOTOBJIEHBI 8 J4eKkmponnoi gopme B
dopmarte ymmcra A4 (210 x 297 mm).

Bce TekcTOBEIE aBTOPCKME MaTepuasibl IPVHMMAIOTCS VICKITIOYUTENIFHO B hopmaTte
doc m docx (Microsoft Office).

IMompobras ungpopmayusa o npabusax ogpopmaenusa mekcma, B TOM UVICIe mabauy,
PUCYHKOB, CCHIAOK U CHUCKA AUmepamnypul, Pa3MellleHa Ha caviTe EqyHOV pefakiim Hayd-
HeIX XypHa10B bDY vm. V1. KanTa: httpy/journals kantiana.ru/vestnik/monography.

PexomeHgyeM aBTOpaM O3HAaKOMWTBCS C WMH(OPMALMIOHHO-METOAMYECKM KOM-
wiekcoM «Kak HamvcaTs Hay4HyIO CTaTbIo»: hitp://journals.kantiana.ru/authors/imk/.

ITopsnok peneH3MpOBaHMA PYyKOIIMCeVI cTaTell

1. Bce HayuHBIe cTaThy, IIOCTYNVBINVE B penkorvtervio Becthauka BOY vm. V1. Kan-
Ta, TIOIIeXaT obs3aTeTbHOMY pelleH3MpoBaHio. OT3bIB HAYYHOTO PYyKOBOAWUTENS VUIN
KOHCYJIbTaHTa He MOXKeT 3aMeHUThb PelleH3UA.

2. OTBETCTBEHHBIVI PeJaKTOP Cepuy OIpeJeIseT COOTBETCTBYME CTaThyl HPOdVIIIO
XypHasia, TpeboBaHVAM K 0POPMJIEHMIO ¥ HallpaBjisieT ee Ha pelleH3MpoBaHVe CIlelya-
JINCTY, JOKTOPY WIV KaHAWJATy HaykK, MMerolleMy HawnOoslee OJIM3KyIO K TeMe CTaTbu
Hay4HYyIO CIIeI1asIi3alliio.

3. Cpoxm peleH3MpoBaHMs B KaXIOM OTHEILHOM Cilydae OIpeleIIiOTCs OTBeT-
CTBEHHBIM PeIaKTOPOM CEPUN C YUETOM CO3JaHVs YCIIOBUI [IJIsl MaKCMMasIbHO OIlepaTuB-
HOVI ITy O/IMKaIym CTaThu.

4. B perieH31M OCBEIIAIOTCS CJIETYIOIIIE BOITPOCHL:

a) COOTBETCTBYeT JIV COflepyKaHvie CTaThbV 3asBJIEHHOVI B Ha3BaHWUM TeMe;

0) HaCKOJIBKO CTaThsl COOTBETCTBYeT COBPeMEHHBIM JOCTVDKEHNSM Hay4JHO-TeOpeTH-
YeCKOVI MBICIIVE;

B) JIOCTYIIHA JIV CTaThs YMTATeIsIM, Ha KOTOPBIX OHA PacCUMTaHa, C TOUKV 3peHVs A3bIKa,
CTWIsI, PAaCTIONIOXKeHMs MaTepyala, HarJITHOCTY TabJInLL, IyiarpaMM, PUCYHKOB U (popMyJT;

T) IeslecooOpa3Ha JIv Iy OIMKAIINS CTaThV C YIeTOM paHee BBIIYIIIEHHOV! 110 JaHHO-
My BOIIPOCY JIUTepaTyphbl;

1) B 94eM KOHKPeTHO 3aKJIFOYAIOTCsI TIOJIOKMUTEJIbHBIE CTOPOHEI, a TakKke HeTOCTaTKM
CTaTbM, KaKve VICIIpaBJIeHVIsl Vi [IOTIOIHEH s JJOJDKHBI ObITh BHECEHBI aBTOPOM;

€) pexoMeHjIyeTcs (C y4eTOM WCHpaB/IeHMs OTMEUYeHHBIX pelleH3eHTOM HelocTaT-
KOB) VIV He PeKOMEHJIyeTCsl CTaThsl K IyOnmmKaym B XypHale, BXOAsAIIeM B [lepeuens
BeAyIIVX Ieproandeckmux m3ganm BAK.

5. PenensupopaHyue IIpoBoAUTCS KOHMWUIEHIMAILHO. ABTOP pelleH3UpyeMoil CTa-
TBY MOXKET O3HAaKOMWTBCS C TEKCTOM perieH3un. HapyiieHne KoHMUIEHIINATIBHOCTH [10-
ITyCKaeTcsl TOJILKO B CJIydae 3asiBJIeHNs pelleH3eHTa O HeJIOCTOBePHOCTH v daytbedu-
Kallyy MaTepuasioB, M3JI0KeHHBIX B CTaThe.

6. Ecyint B perieH3ym cofep>kaTcsl peKOMeHAIINI 10 VICITPaBIIeHMIo 1 TopaboTke cTa-
TbM, OTBETCTBEHHBIVI PeJaKTOP cepuy HallpapsisieT aBTOPY TeKCT PeLieH3MM ¢ IIpefijioxe-
HWeM y4ecTb MX IIPY IIOATOTOBKE HOBOTO BapMaHTa CTaTbhy VUIM apryMeHTHMPOBaHHO (Jac-
TUYHO WIN IIOJIHOCTBIO) VX ONPOBEPTHYTh. [lopaboTaHHas (1epepaboTaHHast) aBTOPOM
CTaThsl MOBTOPHO HAIIpaBJIsgeTCsl Ha pelleH3poBaHme.

7. CraTbsl, He peKOMeHZIOBaHHasl PelleH3eHTOM K ITyO/mKaIym, K IIOBTOPHOMY pac-
CMOTpeHMIO He IpuHMMaeTcst. TeKeT oTpuiaTeIbHOV pelieH311 HallpaByisieTCs aBTopy 10
3JIEKTPOHHOVI TI0YTe, (PaKCOM VIV OOBIYHOVI IIOYTOVL.

8. Hayrume 1os10XMTeIIbHOV pelieH3UN He SBJISeTCS TOCTaTOYHBIM OCHOBaHVEM IS
myOnmkanym craTby. OKoHUaTeIbHOe pellleHNe O 11e7leco00pasHOCTV Iy OJIMKauvy IIpu-
HVIMaeTCsl pefIKOJUIeTVIelt CepUA.

9. Ilocste IPUHATYMS PeAKOIUIETVEV CePVV PeIIeH sl O JIOIyCKe CTaThy K ITyOimKa-
LI OTBETCTBEHHEIV CeKpeTaph cepuyt MHMOpMIUpyeT 00 3TOM aBTOpa U yKas3bIBaeT CPOKMU
1y OivKarym.

TexcT pelieH3MI HaIIpaBIAeTCs aBTOPY 10 JIEKTPOHHOV ITouTe, haKcoM WiIv 0ObId-
HBIM TIOYTOBBIM OTIIpaBJIEHVIEM.

10. OpurmHasIbl pelieH3UN XPaHATCS B PEAKOUIETMM CepuN 1 pefakimm «BecTHyKa
basrruiickoro dperrepaibHOro yHUBepcuTeTa M. V. KaHTta» B TeueHme 11s1TH JI€T.
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Hayunoe usdanue

BECTHIK
BAJITUMCKOI'O ®EJEPAJIBHOTO YHVUBEPCUTETA
mm. M. KAHTA

2020

Cepust
DusrKo-MaTeMaTdecKye 1 TeXHUIecKye HayKu

Ne 3

Penaxrop H. C. Illxymxo. KoppexTop B. H. Ko6a1e6
KommnrlotepHast Bepctka I. M. Bunoxypoboi

ITomgmmcano B meuaTs 24.12.2020 r.
®opmat 70x108 1/16. Y. mew. 1. 10,0
Tupax 1000 2x3. (1-71 3aBop 42 9k3.). Llena ceobonmas. Bakasg
TTomrmicHom mamekc 94112

WspatenscTBo bairrmiickoro denmepanbHoro yausepcurera M. Vimvanywia Kanra
236022, r. Kayimaunrpay, yi. angapa, 6
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